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Highlights
« This paper focuses on a three-dimensional system of difference equations.
« The three-dimensional system of difference equations were solved.
« Asymptotic behavior of solutions were determined and periodic solutions were demonstrated.
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We show that the three-dimensional system of difference equations
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zero real numbers, can be solved. Using the obtained formulas, we determine the asymptotic
behavior of solutions and give conditions for which periodic solutions exist. Some numerical
examples are given to demonstrate the theoretical results.
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1. INTRODUCTION

Difference equations and their systems are related to many real life models in different branches of modern
science such as biology, physics, economics, etc, in [1,2]. This is due to the fact that these models are
expressed by discrete equations and this explain why difference equations and their systems have attracted
the attention of many researchers in recent years in [3-6]. One of the most popular subject associated with
difference equations and their system, especially the non-linear ones, is to examine their solvability and the
behavior of their solutions in [7-35]. Also in these references, we can find several generalizations of
solvable difference equations and systems in different ways by adding parameters, increasing the order,
increasing dimensional, as in the examples given below: In an earlier paper, Elabbasy et al., in [36], dealt
with, among other things, the following difference equation

Xpi1 = ";::1 +1,neN,. @

Then, in [37], Equation (1) was extended to the following two-dimensional system of difference equations

aXnYn-1 1 _ bynxp—1
Xna1 = =~ + B, Yn+1 = " +a, n € Ny, (2)
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where the parameters a, b, @, f and the initial values x_; ,y_; ,i = 0,1, are non-zero real numbers. They
obtained the forms of solutions of system (2) and investigated their behavior. Quite recently, in [38],
Equation (1) and System (2) were generalized to the following difference equations system by both
increasing order and taking periodic coefficients

_ AnXn—k+1¥Yn-k _ bn¥Yn—k+1Xn—k
Xpp1 ==+ Bpi1, Yns1 =+ apy1, NE Ny, 3)
Yn—Cn Xn—Pn
where the sequences (ap)neny (bn)neny (@n)nen, (Bndnen, are two periodic and the initial conditions

x_;,Y_i,i =0,k, are non-zero real numbers. Also, by using obtained formulas they give the asymptotic
behavior and studied the periodicity of well-defined solutions of system (3) when a, = by and a; = by .

A natural question is if any of the corresponding three-dimensional relatives to Equation (1), Systems (2)
and (3) is also solvable. Here we give a positive answer to this question, by proving that the following three-
dimensional system

_ AXnZn— _ bynxn—q _ CZnYn—1
Xn+1 = — + Yy Yn+1 = — + o, Zpy1 = L + B! ne NO > (4)

where the parameters a,b,c,a,,y and the initial values x_;, y_;, z_;, i = 0,1, are non-zero real
numbers, is solvable in closed form.

The following well known result, see for example [39], will be very useful in our work.
Lemma 1. Let a, b be two real numbers and consider the first order linear difference equation
Yne1 =aYp+b, n €N . (5)

Then the sequence (,)nen,, the solution of equation (5), has the form

_ a"y0+b(11%:), ifa+1,
" Y, +bn, ifa=1.
Definition 1. (Periodicity). A sequence (x,)n_x is said to be eventually periodic with period p if there
exist ng = —k such that x,,,,, = x,, foralln > ny. If ny, = —k , then the sequence (x,);_ is said to be
periodic with period p.
Throughout this paper we suppose that ]_[;":l-Aj = 1and Z;-n:l-Aj =0, forallm < i.

2. SOLUTIONS OF SYSTEM (4)

Let {(x;,, Yn» Zn) }ns—1 be well-defined solutions of system (4), that is the solutions such that x,, # y, y, #
a, z, # f, for all n € Ny. If one of the initial values x_;,y_;,z_;,j = 0,1, is equal to zero, then the
corresponding solutions of system (4) is not defined. For example, if x_; = 0, then y; = a, and so0 z, can
not be calculated. Now assume that x_;.y_;.z_; # 0, j = 0,1. If one of the terms x,, , Y, and z, for
axnozno—l

ZTLO _B
+ a = a and so, it follows that, z,, ,, is not defined or z,, ., =

ny = 1, is equal to zero, then from system (4) either xp 41 = + vy =y and so, it follows that,

bynyXng-1

is not defined or =

Vng+2 Yng+1 Xng—Y¥

CZngYng-1
y‘no_a

satisfy x,, .y, .z, # 0, n = —1. By means of the change of variables

+ B = B and so, it follows that, x,, ,, is not defined. Thus, well-defined solutions of system (4)

Xn— %4 Zn—
u, =y =, B e, (6)
n n n 0

Xn-1 Yn-1 Zn-1
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the system in (4) becomes

a b c 7
un+1=w—n:Vn+1=;:Wn+1=z'nENo- (")

From (7), we have three independent equations
Un+s = Un, Vnte = Vn»,Wnie = Wn , M E Np , 8
that is the sequences (up)nen,> (Vn)nen,and (Wp)nen, are periodic of period 6. So,
Ugn+j = W) Ventj = Vj , Wensej =Wj, j = 0,5 n €Ny, )
From (6) we have that
Xn = UnXn-1+V,Vn = VnVn-1+Q,2Zy =WpZy 1+, nEN,. (10)
Equations in (8) and (10) can be written in the form
Xen = UgnXen—1 TV = UoXen-1 TV, N ENg ,
Xen+1 = Uen+1¥en TV = U1Xen TV, N E Ng ,
Xen+2 = Ugn+2¥en+1 TV = UzXen+1 +V, M E N,
Xen+3 = Ugn+3¥en+2 TV = UsXens2 TV, N E N,
Xen+a = Uen+aXen+3 TV = UgXentz TV, M € Ny,
Xen+5 = Uen+sXen+a TV = UsXenta TV, € No,
Xen+6 = Uen+6Xen+s TV = UoXen+s TV, € No,
Yen = VenVen-1 + & = VoYen—1 + @, n € Ng,
Yen+1 = Ven+1Yen + & = V1Yen + @, n € Ny,
Yen+2 = Ven+2Yen+1 + & = V2Ven+1 + @, n € Ny,
Yen+3 = Ven+3Yen+2 T & = V3Veni2 + @, n € Ny,
Yen+4 = Ven+aYen+3s T & = VsVeni3 T @, N E Np,
Yen+5 = Ven+5Yen+a T & = VsYenta T+ @, N € Ny,
Yen+6 = Ven+6Yen+s T & = VoVen+s + a,n € N,
Zen = WenZen—1 + B = WoZen—1 + BN € Ny,
Zen+1 = Wen+1Zen + B = WiZen + BN E Ny,

Zen+2 = Wen+2Zen+1 T B = WaZgni1 + B, m € Ny,
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Zen+3 = Wen+3Zent2 T B = WaZeniz + B, € Ny,
Zenta = WensaZents T B = WaZeniz + B, mE Ny,
Zen+s = WentsZenta T B = WsZenia + B,m € Ny,
Zen+e = Wen+e6Zents T B = WoZents + B,n € Ny,

which implies that

Xe(n+1)+j — (H?:o ui)x6n+j + VZ?:1(H1’6:S+1u(j+i)mod(6)) > (11)
Ye(n+1)+j — (H?:o vi)y6n+j + azg:l(n?=s+1 v(j+i)mod(6)) > (12)
Ze(n+1)+j — (Hz OWL)ZGn+] + ﬁZs 1(1_[1 =s+1 W(j+l)m0d(6)) . (13)

ForneNy, j = 0,5. Let,

KD = x6n4; LY = Yonij MY = 26, ,n €Ny, j=0,5 . (14)

Then from (11)-(13), we get the following first order linear difference equations with constants coefficients

KL, = Ak + BD, 1Y) = cLY + DD, M), = EMP + FD ,neN,, j=05 , (15)
where

A=TT-ou, BY =y X8 (ITf=s41 U(+iymoas) )
C =Tz vi, DY = a X8 (I1f=s41 V(j+ymoacs))>

E= H?:o Wi, FO) = B Z?=1(H?=s+1 W(j+i)m0d(6))-

Solving Equations (15) using Lemma 1 and taking in account Equations (14), we obtain for n € Ny and
j=205

At + BU) (= A)¢A¢1

Xonsj = - _ (16)
xj + BY'n if A=1,
Chy; + DO (25 )sz¢1
Yen+j = o) (17)
yj +DYn if C =1,
and
E"zj + FU) if E+1,
Zen+j = ( ) (18)

zj+F(1)n if E=1.



771 Merve KARA, Nouressadat TOUAFEK, Yasin YAZLIK / GU J Sci, 33(3): 767-778 (2019)

3. PERIODICITY AND ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS OF SYSTEM (4)

The following results are devoted to the asymptotic behavior and the periodicity of well-defined solutions
of system (4).

Theorem 1. Assume that {(x,, Y, Z,) }ns—1 are well-defined solutions of system (4). Then for j = 0,5 the
following statements hold.
a) If(A—1Dx; + BU) £ 0, then we get

BW
: —|, 14l <1,
lim |x6n+j| ={lAa-1
e o, |A]>1.

Otherwise, if (A — 1)x; + BYW =0 and A # 1, then Xen+j = Xj for all n € Ny, that is the sequence
(Xp)ns—1 is eventually periodic with period 6 and takes the form (x;)ps—1 =
(X_1,%X0, X1, X2, X3, X4, X5, X0, X1, v ) -

b) IfBY %0 and A = 1, then |xgp4 ;| = 0, asn > oo, Otherwise, if BY) = 0and A = 1, then xgpyj =
xj, for alln € Ny, that is the sequence (x;,),>—1 is periodic of period 6 and takes the form (x,)p>—1 =
(X_1,%X0, X1, X2, X3, X4, X1, X0y X1, - )-

c) If (C-1Dy;+ DWW = 0, then we get

pW

<1,
c-1
o, |C]|>1.

tim Yo = {

Otherwise, if (C — 1)y, + DY =0 and C # 1, then Yen+j = ¥; for all n € Ny, that is the sequence
(V)ns—1 is  eventually periodic with period 6 and takes the form )ns—1 =
(V-1Y0, Y1, Y2, Y3, Yar V5, Y0, Y1, )

d) IfDY # 0andC = 1, then |J’6n+j| — 00, as n — o0, Otherwise, if DU) = 0 and C = 1, then yen 4 =
yj, foralln € Ny, that is the sequence (3, )n>—1 is periodic with period 6 and takes the form (y,)p>—1 =
(V-1,Y0, Y1, Y2, Y3, Yar Y-1, Y0, Y1, ---)-

e) If(E—1z + FO) # 0, then we get

(6))
EI <1,
E-1

o, |E|>1.

tig o =

Otherwise, if (E — 1)z; + FO =0andE # 1, then Zen+j = Zj for all neNy, that is the sequence (2, )p>—1
is eventually periodic with period 6 and takes the form (z,)n>—1 = (Z_1, Z0, Z1, Z2, 23, Z4, Z5) Z0» Z1) == )-

f) If F % 0andE = 1, then |26n+]-| — 00, asn — o0, Otherwise, if FU) = 0 and E = 1, then Zentj =
zj, for all n € Ny, that is the sequence (z,)n>—1 is periodic with period 6 and takes the form

(Znnz-1 = (221,20, 21,22, 23, 24, 21, 20, Z1, .-
Proof.

We will only prove properties (a) and (b) since the other cases can be dealt with in the same manner.
a) Assume that (A — 1)x; + BW % 0.
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Clearly, if |A| < 1, then |A|™ — 0 as n — oo. On the other hand, if |A| > 1, then |A|™ - o as n — oo.
From Equation (16), we get

(A-1)x;+BY) An (B(f))

A-1 1-A

lim |xgp | = lim

A-1Dxj+BD B
= % lim A" + (—)
A-1 n—oo 1-A

[6))
{B— 1Al < 1
={la-1 .
o, JAl>1

Now on the other hand (4 — 1)x; + BYW =0 and A # 1. Then we have

N (AM—1
x6n+j = XjAn + B(]) (H)

= xA" + (22 (@4 - D)
= xA" — (A" — Dx;

=x,
which completes the proof of (a).

b) LetA =1.1fBY) # 0, then from Equation (16) we get
Xent+j = %j + BUn.

Letting n = oo in above equations implies that |x6n+ j| — o0. On the other hand, If BY) =0, then
obviously, X¢n4j = x; + BUn = x+0=x;,Vn€Ny,j= 0,5, which completes the proof of (b).

Corollary 1. Assume that {(x,,, Vi, Zn) }n>—1 are well-defined solutions of system (4). Then for j = 0,5, the
following statements hold.

a) If A = —1 then for all n € N,, we get

{ X12n+j = Xj
Xiznte+j = =X + BY,

that is the sequence (x,),>_1 is periodic with period 12 and takes the form

(c)ns—1 = (%1, %0, X1, X2, X3, %4, —%_1 + B®, =xy + B©, —x; + B®, —x, + B@, —x; +
B®,—x, + BW,x_1,x, ...).

b) If C = —1, then for all n € N,, we get

{ Yizn+j = Vj»
Yizn+e+j = —Yj T D»,
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that is the sequence (;,),,=—1 is periodic with period 12 and takes the form

Odnz-1 = (V-1,Y0. Y1, Y2 Y3 Yar —¥-1 + D, =y, + DO, —y; + DD, —y, + D@, —y, +
D®, —y, + DWW y_,,y,, .. )

c) IfE = —1, then for all n € Ny, we get

{ Z12n+j = Zj»
Zionyerj = =2 + FO),

that is the sequence (z,),s—1 is periodic with period 12 and takes the form

(Zrdns—1 = (2-1,20,21, 25,23, 24, =21 + F®, =20 + FO,—z, + FO, =72, + F&, —72, + F®), —7, +
F(4),z_1,zo, )

Proof.
We will only prove property (a) since the other cases can be dealt with in the same manner.

a) When A = —1, then from Equation (16) we have for n € Ny,
1_(_1)11 .
Xen+j = (_1)nx]' + (T) B(]) . (19)

Replacing n by 2n and respectively by 2n + 1 in Equation (19), we get

1_(_1 2n B
Xionej = (=1)?"x; + (—2 ) )B(J) = xj,

1_(_1)2n+1 . .
X12n+6+j = (—1)2n+1xj + (T) BY = —xj + B
for neN,.

The following result is a direct consequence of Theorem 1 and Corollary 1.

Corollary 2. Assume that {(x,,, ¥, Zn) }ns—1 are well-defined solutions of system (4). Then, the following
statements hold.

a) If A= C = E = —1, then the solutions are periodic with period 12.

b) If A=C=E =1and BY = DpW = F) =0 forj = 0,5, then the solutions are periodic with period
6.

c) If|A| > 1,|C| > 1,|E| > 1, then forn — o we have |xg,4,| = o,

|zZn+j| = o0 for j = 0,5, that is the solutions are unbounded.

y6n+j| - @,

4. NUMERICAL EXAMPLES

To support our theoretical results, we present numerical examples that represent the solutions of various
cases of system (4).

Example 1. Consider the system (4) with the initial values x_; = 2, xo = —12, y_; = 50, y, = 32,
Z_1 =4, z5 = —60 and the parameters,a =1, b=1, c=—-1, a =3, f =2, y = 7, the solutions are
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represented as in the following figures.
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Figure 1. Plots of x,,
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Figure 2. Plots of y,
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Figure 3. Plots of z,

The condition (a) in Corollary 2 is satisfied from Figures (1)- (3). Therefore, the solutions of system (4) are
periodic with period 12.

Example 2. Consider the system (4) with the initial values x_q =5, xo =4, y_1 =—2,y,=7, z_1 =
3, zo =9 and the parameters, a=b=c =1, a =f =y =0, then the solutions are represented as

follows:

T Al M T AT
g gop) ) 1) ‘ ' } ’ N
= ::I‘l“# i Wl"in‘ o
>t =t / L "y" l/“ [“ ;‘ U '| t ‘ J L' U l/ 02 . . , . .
Figure 4. PantS of x,, Figure 5. Pl;)ts of Yn Figure 6. Pl:)ts of zy,

The condition (b) in Corollary 2 is satisfied from Figures (4)-(6). Therefore, the solutions of system (4)

are periodic with period 6.

Example 3. Consider the system (4) with the initial values x_4

= 600, x, = 700, y_, = 80, y, = 900,

z_1 =100, zy = 110 and the parameters, a =2, b =4, c 7, B =2, y =5, in this case the
solutions are represented in the following figures.
2.0x10%
1x10% 410110
8x10%° S e | 1.5x10%
E 6x10®® E . E 1.0x10%
4x 1018 ’ {
Jrots 110110 5.0x10%
’ \
0 0 3 0 ]
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Figure 7. Plots of x, Figure 8. Plots of y, Figure 9. Plots of z,

In this case the condition (¢) in Corollary 2 is satisfied. From Figures (7)-(9) we can see that

lim |x6n+]-| - oo, lim |y6n+j| - oo, lim |Z6n+j| — 00 .
n—oo n—oo n—oo

Example 4. Consider the system (4) with the initial values x_; = 1.3, xo = 0.2, y_; = 2.5, y, = 0.9,
z_1 = 1.8, zg = 1.1 and the parameters,a =1, b =2, c =5, a = 2.6, § = 1.7, y = 0, the solutions
are represented in following figures.
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<104
i AA 410

2x10% J 0
A

¥[n
z[n]

1x10%°

-1x10% ; ; '
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100

Figure 10. Plots of x, Figure 11. Plots of y, Figure 12. Plots of z,

In this case the condition (a), (c), (¢) in Theorem 1 is satisfied. From Figures (10)-(12) we can see that
lim |x6n+j| - 0, lim |y6n+j| — 0o, lim |26n+]-| — 00.

n—-oo n—-oo n—-oo

Example 5. Consider the system (4) with the initial values x_; = 1.3, xo = 0.2, y_; = 2.5, yo = 0.9,

z_1 =18, zo = 1.1 and the parameters,a =15, b =4, c=3, a =0, § =5.9, y = 6.3, the following
figures represent our solutions,

‘ 8x10%2 7
15kl 6109

x10%2

¥[n]
z[n]
IS

ot

fIn
\[1'\;‘.’*.Ar. i 2x10%2

o g S o

L L L L L L L
20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100

Figure 13. Plots of x,, Figure 14. Plots of y,, Figure 15. Plots of z,
In this case the condition (a), (c), (¢) in Theorem 1 is satisfied. From Figures (13)-(15) we can see that
lim |x6n+j| - oo, lim |y6n+]-| -0, lim |Z6n+j| — 00.
n—-oo n—oo n-—-coo
Example 6. Consider the system (4) with the initial x_; = 1.3, x0 = 0.2, y_1 = 2.5,y =09, z_; =

1.8, zo = 1.1 and the parameters, a =3, b =16, c =4, a =2.7, § =0, y = 7.9 the solutions are
represented by the following figures.

5x10% " |
52
610

4x10%

4x10%2 3x10%

x[n]
[n]

= 2x10%
2x10%2 0

1x10% '

0
I 0

L L L f s L L L L L
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100

Figure 16. Plots of x,, Figure 17. Plots of y, Figure 18. Plots of z,
In this case the condition (a), (¢), (¢) in Theorem 1 is satisfied. From Figures (16)-(18) we can see that

Amlxenﬂl - oo,gi_r)'g|y6n+j| — 00, T%i_r)‘rgo|26n+j| - 0.

5. CONCLUSION

In this study, we have consider the following three-dimensional system of difference equations
_ XnZn—1 _ bynXn_1 _ SZnYn-1
Xn+1 = 2P TV, Yn+1 = R +a, Zpy = V- + B, n € Ny,
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where the parameters a,b,c,a,,y and the initial values x_;, y_;, z_;, i = 0,1 are non-zero real
numbers.

Firstly we have obtain the closed form of well defined solutions of the aforementioned system using suitable
transformation reducing the equations of our system to linear type. Also, we have examine the behavior and
the periodicity of the solutions of this system. Finally, numerical examples are provided to support our
theoretical results.

It would be interesting to study the k — dimensional version of the system (4).
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