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Highlights 
• This paper focuses on a three-dimensional system of difference equations. 

• The three-dimensional system of difference equations were solved. 

• Asymptotic behavior of solutions were determined and periodic solutions were demonstrated. 
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Abstract 

We show that the three-dimensional system of difference equations   

 

𝑥𝑛+1 =
𝑎𝑥𝑛𝑧𝑛−1

𝑧𝑛−𝛽
+ 𝛾, 𝑦𝑛+1 =

𝑏𝑦𝑛𝑥𝑛−1

𝑥𝑛−𝛾
+ 𝛼, 𝑧𝑛+1 =

𝑐𝑧𝑛𝑦𝑛−1

𝑦𝑛−𝛼
+ 𝛽 , 𝑛 ∈ 𝑁0 ,  

 

where the parameters 𝑎, 𝑏, 𝑐, 𝛼, 𝛽, 𝛾 and the initial conditions 𝑥−𝑖 , 𝑦−𝑖 , 𝑧−𝑖 , 𝑖 ∈ {0,1},     are non-

zero real numbers, can be solved. Using the obtained formulas, we determine the asymptotic 

behavior of solutions and give conditions for which periodic solutions exist. Some numerical 

examples are given to demonstrate the theoretical results.  
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1. INTRODUCTION 

 

Difference equations and their systems are related to many real life models in different branches of modern 

science such as biology, physics, economics, etc,  in [1,2]. This is due to the fact that these models are 

expressed by discrete equations and this explain why difference equations and their systems have attracted 

the attention of many researchers in recent years in [3-6]. One of the most popular subject associated with 

difference equations and their system, especially the non-linear ones, is to examine their solvability and the 

behavior of their solutions in [7-35]. Also in these references, we can find several generalizations of 

solvable difference equations and systems in different ways by adding parameters, increasing the order, 

increasing dimensional, as in the examples given below: In an earlier paper, Elabbasy et al., in [36], dealt 

with, among other things, the following difference equation  

 

𝑥𝑛+1 =
𝑥𝑛𝑥𝑛−1

𝑥𝑛−1
+ 1, 𝑛 ∈ 𝑁0 . (1) 

 

Then, in [37],  Equation (1)  was extended to the following two-dimensional system of difference equations  

 

𝑥𝑛+1 =
𝑎𝑥𝑛𝑦𝑛−1

𝑦𝑛−𝛼
+ 𝛽, 𝑦𝑛+1 =

𝑏𝑦𝑛𝑥𝑛−1

𝑥𝑛−𝛽
+ 𝛼, 𝑛 ∈ 𝑁0,                                                                                     (2) 
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where the parameters 𝑎, 𝑏, 𝛼, 𝛽 and the initial values 𝑥−𝑖 , 𝑦−𝑖 , 𝑖 = 0,1, are non-zero real numbers. They 

obtained the forms of solutions of system (2)  and investigated their behavior. Quite recently, in [38], 

Equation (1) and System (2) were generalized to the following difference equations system by both 

increasing order and taking periodic coefficients  

 

𝑥𝑛+1 =
𝑎𝑛𝑥𝑛−𝑘+1𝑦𝑛−𝑘

𝑦𝑛−𝛼𝑛
+ 𝛽𝑛+1, 𝑦𝑛+1 =

𝑏𝑛𝑦𝑛−𝑘+1𝑥𝑛−𝑘

𝑥𝑛−𝛽𝑛
+ 𝛼𝑛+1, 𝑛 ∈ 𝑁0 ,               (3) 

 

where the sequences (𝑎𝑛)𝑛∈𝑁0
, (𝑏𝑛)𝑛∈𝑁0

, (𝛼𝑛)𝑛∈𝑁0
, (𝛽𝑛)𝑛∈𝑁0

 are two periodic and the initial conditions 

𝑥−𝑖 , 𝑦−𝑖 , 𝑖 = 0, 𝑘̅̅ ̅̅̅, are non-zero real numbers. Also, by using obtained formulas they give the asymptotic 

behavior and studied the periodicity of well-defined solutions of system (3) when 𝑎0 =  𝑏1 and 𝑎1 =  𝑏0 .  

 

A natural question is if any of the corresponding three-dimensional relatives to Equation (1), Systems (2) 

and (3) is also solvable. Here we give a positive answer to this question, by proving that the following three-

dimensional system  

 

𝑥𝑛+1 =
𝑎𝑥𝑛𝑧𝑛−1

𝑧𝑛−𝛽
+ 𝛾, 𝑦𝑛+1 =

𝑏𝑦𝑛𝑥𝑛−1

𝑥𝑛−𝛾
+ 𝛼, 𝑧𝑛+1 =

𝑐𝑧𝑛𝑦𝑛−1

𝑦𝑛−𝛼
+ 𝛽, 𝑛 ∈ 𝑁0 ,             (4) 

 

where the parameters 𝑎, 𝑏, 𝑐, 𝛼, 𝛽, 𝛾 and the initial values 𝑥−𝑖, 𝑦−𝑖, 𝑧−𝑖, 𝑖 = 0,1, are non-zero real 

numbers, is solvable in closed form. 

 

The following well known result, see for example [39], will be very useful in our work. 

 

Lemma 1. Let 𝑎, 𝑏 be two real numbers and consider the first order linear difference equation   

 

𝑦𝑛+1 = 𝑎𝑦𝑛 + 𝑏, 𝑛 ∈ 𝑁0 . (5) 

 

Then the sequence (𝑦𝑛)𝑛∈𝑁0
, the solution of equation (5), has the form  

 

𝑦
𝑛

= {
𝑎𝑛𝑦

0
+ 𝑏 (

1−𝑎𝑛

1−𝑎
) , 𝑖𝑓 𝑎 ≠ 1,

𝑦
0

+ 𝑏𝑛,                   𝑖𝑓 𝑎 = 1.
  

 

Definition 1. (Periodicity). A sequence (𝑥𝑛)𝑛−𝑘
∝   is said to be eventually periodic with period 𝑝 if there 

exist 𝑛0 ≥ −𝑘  such that 𝑥𝑛+𝑝 = 𝑥𝑛 for all 𝑛 ≥ 𝑛0. If 𝑛0 = −𝑘 , then the sequence (𝑥𝑛)𝑛−𝑘
∞  is said to be 

periodic with period 𝑝. 

Throughout this paper we suppose that  ∏ 𝐴𝑗 = 1𝑚
𝑗=𝑖  and ∑ 𝐴𝑗 = 0𝑚

𝑗=𝑖 ,  for all 𝑚 < 𝑖. 

 

2. SOLUTIONS OF SYSTEM (4) 

 

Let {(𝑥𝑛, 𝑦𝑛, 𝑧𝑛)}𝑛≥−1 be well-defined solutions of system (4), that is the solutions such that 𝑥𝑛 ≠ 𝛾, 𝑦𝑛 ≠

𝛼, 𝑧𝑛 ≠ 𝛽, for all 𝑛 ∈ 𝑁0. If one of the initial values 𝑥−𝑗 , 𝑦−𝑗 , 𝑧−𝑗 , 𝑗 = 0,1, is equal to zero, then the 

corresponding solutions of system (4) is not defined. For example, if 𝑥−1 = 0, then 𝑦1 = 𝛼, and so 𝑧2  can 

not be calculated. Now assume that 𝑥−𝑗 . 𝑦−𝑗 . 𝑧−𝑗 ≠ 0 , 𝑗 = 0,1. If one of the terms  𝑥𝑛0
, 𝑦𝑛0

and  𝑧𝑛0
 for 

𝑛0 ≥ 1, is equal to zero, then from system (4) either 𝑥𝑛0+1 =
𝑎𝑥𝑛0𝑧𝑛0−1

𝑧𝑛0
−𝛽

+ 𝛾 = 𝛾 and so, it follows that, 

𝑦𝑛0+2 is not defined or 𝑦𝑛0+1 =
𝑏𝑦𝑛0𝑥𝑛0−1

𝑥𝑛0−𝛾
+ 𝛼 = 𝛼 and so, it follows that, 𝑧𝑛0+2 is not defined or 𝑧𝑛0+1 =

𝑐𝑧𝑛0𝑦𝑛0−1

𝑦𝑛0
−𝛼

+ 𝛽 = 𝛽 and so, it follows that, 𝑥𝑛0+2 is not defined. Thus, well-defined solutions of system (4) 

satisfy 𝑥𝑛 . 𝑦𝑛 . 𝑧𝑛 ≠ 0 , 𝑛 ≥ −1. By means of the change of variables  

 

𝑢𝑛 =
𝑥𝑛−𝛾

𝑥𝑛−1
, 𝑣𝑛 =

𝑦𝑛−𝛼

𝑦𝑛−1
 , 𝑤𝑛 =

𝑧𝑛−𝛽

𝑧𝑛−1
 , 𝑛 ∈ 𝑁0 , (6) 
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the system in (4) becomes  

 

𝑢𝑛+1 =
𝑎

𝑤𝑛
, 𝑣𝑛+1 =

𝑏

𝑢𝑛
 , 𝑤𝑛+1 =

𝑐

𝑣𝑛
 , 𝑛 ∈ 𝑁0 .           (7) 

 

From (7), we have three independent equations 

 

𝑢𝑛+6 = 𝑢𝑛, 𝑣𝑛+6 = 𝑣𝑛 , 𝑤𝑛+6 = 𝑤𝑛 , 𝑛 ∈ 𝑁0 , (8) 

 

that is the sequences (𝑢𝑛)𝑛∈𝑁0
, (𝑣𝑛)𝑛∈𝑁0

and (𝑤𝑛)𝑛∈𝑁0
 are periodic of period 6. So,  

 

𝑢6𝑛+𝑗 = 𝑢𝑗, 𝑣6𝑛+𝑗 = 𝑣𝑗 , 𝑤6𝑛+𝑗 = 𝑤𝑗 , 𝑗 = 0,5̅̅ ̅̅ , 𝑛 ∈ 𝑁0 ,                         (9) 

 

From (6) we have that 

 

𝑥𝑛 = 𝑢𝑛𝑥𝑛−1 + 𝛾 , 𝑦𝑛 = 𝑣𝑛𝑦𝑛−1 + 𝛼 , 𝑧𝑛 = 𝑤𝑛𝑧𝑛−1 + 𝛽, 𝑛 ∈ 𝑁0 .                     (10) 

 

Equations in (8) and (10) can be written in the form 

 

𝑥6𝑛 = 𝑢6𝑛𝑥6𝑛−1 + 𝛾 = 𝑢0𝑥6𝑛−1 + 𝛾, 𝑛 ∈ 𝑁0 , 
 

𝑥6𝑛+1 = 𝑢6𝑛+1𝑥6𝑛 + 𝛾 = 𝑢1𝑥6𝑛 + 𝛾, 𝑛 ∈ 𝑁0 ,
 

 

𝑥6𝑛+2 = 𝑢6𝑛+2𝑥6𝑛+1 + 𝛾 = 𝑢2𝑥6𝑛+1 + 𝛾, 𝑛 ∈ 𝑁0 ,
 

 

𝑥6𝑛+3 = 𝑢6𝑛+3𝑥6𝑛+2 + 𝛾 = 𝑢3𝑥6𝑛+2 + 𝛾, 𝑛 ∈ 𝑁0 ,
 

 

𝑥6𝑛+4 = 𝑢6𝑛+4𝑥6𝑛+3 + 𝛾 = 𝑢4𝑥6𝑛+3 + 𝛾, 𝑛 ∈ 𝑁0 , 

 

𝑥6𝑛+5 = 𝑢6𝑛+5𝑥6𝑛+4 + 𝛾 = 𝑢5𝑥6𝑛+4 + 𝛾, 𝑛 ∈ 𝑁0 ,
 

 

𝑥6𝑛+6 = 𝑢6𝑛+6𝑥6𝑛+5 + 𝛾 = 𝑢0𝑥6𝑛+5 + 𝛾, 𝑛 ∈ 𝑁0 ,
 

 

𝑦6𝑛 = 𝑣6𝑛𝑦6𝑛−1 + 𝛼 = 𝑣0𝑦6𝑛−1 + 𝛼, 𝑛 ∈ 𝑁0 ,
 

 

𝑦6𝑛+1 = 𝑣6𝑛+1𝑦6𝑛 + 𝛼 = 𝑣1𝑦6𝑛 + 𝛼, 𝑛 ∈ 𝑁0 ,
 

 

𝑦6𝑛+2 = 𝑣6𝑛+2𝑦6𝑛+1 + 𝛼 = 𝑣2𝑦6𝑛+1 + 𝛼, 𝑛 ∈ 𝑁0 ,
 

 

𝑦6𝑛+3 = 𝑣6𝑛+3𝑦6𝑛+2 + 𝛼 = 𝑣3𝑦6𝑛+2 + 𝛼, 𝑛 ∈ 𝑁0 ,
 

 

𝑦6𝑛+4 = 𝑣6𝑛+4𝑦6𝑛+3 + 𝛼 = 𝑣4𝑦6𝑛+3 + 𝛼, 𝑛 ∈ 𝑁0 ,
 

 

𝑦6𝑛+5 = 𝑣6𝑛+5𝑦6𝑛+4 + 𝛼 = 𝑣5𝑦6𝑛+4 + 𝛼, 𝑛 ∈ 𝑁0 ,
 

 

𝑦6𝑛+6 = 𝑣6𝑛+6𝑦6𝑛+5 + 𝛼 = 𝑣0𝑦6𝑛+5 + 𝛼, 𝑛 ∈ 𝑁0 ,
 

 

𝑧6𝑛 = 𝑤6𝑛𝑧6𝑛−1 + 𝛽 = 𝑤0𝑧6𝑛−1 + 𝛽, 𝑛 ∈ 𝑁0 ,
 

 

𝑧6𝑛+1 = 𝑤6𝑛+1𝑧6𝑛 + 𝛽 = 𝑤1𝑧6𝑛 + 𝛽, 𝑛 ∈ 𝑁0 , 
 

𝑧6𝑛+2 = 𝑤6𝑛+2𝑧6𝑛+1 + 𝛽 = 𝑤2𝑧6𝑛+1 + 𝛽, 𝑛 ∈ 𝑁0 ,
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𝑧6𝑛+3 = 𝑤6𝑛+3𝑧6𝑛+2 + 𝛽 = 𝑤3𝑧6𝑛+2 + 𝛽, 𝑛 ∈ 𝑁0 ,
 

 

𝑧6𝑛+4 = 𝑤6𝑛+4𝑧6𝑛+3 + 𝛽 = 𝑤4𝑧6𝑛+3 + 𝛽, 𝑛 ∈ 𝑁0 ,
 

 

𝑧6𝑛+5 = 𝑤6𝑛+5𝑧6𝑛+4 + 𝛽 = 𝑤5𝑧6𝑛+4 + 𝛽, 𝑛 ∈ 𝑁0 ,
 

 

𝑧6𝑛+6 = 𝑤6𝑛+6𝑧6𝑛+5 + 𝛽 = 𝑤0𝑧6𝑛+5 + 𝛽, 𝑛 ∈ 𝑁0 ,
 

 

which implies that 

 

𝑥6(𝑛+1)+𝑗 = (∏ 𝑢𝑖
5
𝑖=0 )𝑥6𝑛+𝑗 + 𝛾 ∑ (∏ 𝑢(𝑗+𝑖)𝑚𝑜𝑑(6)

6
𝑖=𝑠+1 )6

𝑠=1  ,                     (11) 

 

𝑦6(𝑛+1)+𝑗 = (∏ 𝑣𝑖
5
𝑖=0 )𝑦6𝑛+𝑗 + 𝛼 ∑ (∏ 𝑣(𝑗+𝑖)𝑚𝑜𝑑(6)

6
𝑖=𝑠+1 )6

𝑠=1  ,                     (12) 

 

𝑧6(𝑛+1)+𝑗 = (∏ 𝑤𝑖
5
𝑖=0 )𝑧6𝑛+𝑗 + 𝛽 ∑ (∏ 𝑤(𝑗+𝑖)𝑚𝑜𝑑(6)

6
𝑖=𝑠+1 )6

𝑠=1  .                     (13) 

 

For 𝑛𝜖𝑁0, 𝑗 = 0,5̅̅ ̅̅  . Let,  

 

𝐾𝑛
(𝑗)

= 𝑥6𝑛+𝑗 , 𝐿𝑛
(𝑗)

= 𝑦6𝑛+𝑗 , 𝑀𝑛
(𝑗)

= 𝑧6𝑛+𝑗, 𝑛 ∈ 𝑁0, 𝑗 = 0,5̅̅ ̅̅   .                     (14) 

 

Then from (11)-(13), we get the following first order linear difference equations with constants coefficients  

 

𝐾𝑛+1
(𝑗)

= 𝐴𝐾𝑛
(𝑗)

+ 𝐵(𝑗), 𝐿𝑛+1
(𝑗)

= 𝐶𝐿𝑛
(𝑗)

+ 𝐷(𝑗), 𝑀𝑛+1
(𝑗)

= 𝐸𝑀𝑛
(𝑗)

+ 𝐹(𝑗) , 𝑛 ∈ 𝑁0, 𝑗 = 0,5̅̅ ̅̅   ,                  (15) 

 

where  

 

𝐴 = ∏ 𝑢𝑖
5
𝑖=0 , 𝐵(𝑗) = 𝛾 ∑ (∏ 𝑢(𝑗+𝑖)𝑚𝑜𝑑(6)

6
𝑖=𝑠+1 )6

𝑠=1 ,   

 

𝐶 = ∏ 𝑣𝑖
5
𝑖=0 , 𝐷(𝑗) = 𝛼 ∑ (∏ 𝑣(𝑗+𝑖)𝑚𝑜𝑑(6)

6
𝑖=𝑠+1 )6

𝑠=1 , 

 

𝐸 = ∏ 𝑤𝑖
5
𝑖=0 , 𝐹(𝑗) = 𝛽 ∑ (∏ 𝑤(𝑗+𝑖)𝑚𝑜𝑑(6)

6
𝑖=𝑠+1 )6

𝑠=1 . 

 

Solving Equations (15) using Lemma 1 and taking in account Equations (14), we obtain for  𝑛 ∈ 𝑁0 and 

𝑗 = 0,5̅̅ ̅̅   
 

𝑥6𝑛+𝑗 = {
𝐴𝑛𝑥𝑗 + 𝐵(𝑗) (

1−𝐴𝑛

1−𝐴
)   𝑖𝑓 𝐴 ≠ 1,    

𝑥𝑗 + 𝐵(𝑗)𝑛                𝑖𝑓 𝐴 = 1,
                                (16) 

 

𝑦6𝑛+𝑗 = {
𝐶𝑛𝑦𝑗 + 𝐷(𝑗) (

1−𝐶𝑛

1−𝐶
)   𝑖𝑓 𝐶 ≠ 1,    

𝑦𝑗 + 𝐷(𝑗)𝑛                𝑖𝑓 𝐶 = 1,
                                (17) 

 

and 

 

𝑧6𝑛+𝑗 = {
𝐸𝑛𝑧𝑗 + 𝐹(𝑗) (

1−𝐸𝑛

1−𝐸
)   𝑖𝑓 𝐸 ≠ 1,    

𝑧𝑗 + 𝐹(𝑗)𝑛                𝑖𝑓 𝐸 = 1.
                                (18) 
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3. PERIODICITY AND ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS OF SYSTEM (4) 

 

The following results are devoted to the asymptotic behavior and the periodicity of well-defined solutions 

of system (4). 

 

Theorem 1. Assume that {(𝑥𝑛, 𝑦𝑛, 𝑧𝑛)}𝑛≥−1 are well-defined solutions of system (4). Then for 𝑗 = 0,5̅̅ ̅̅  the 

following statements hold. 

a) If (𝐴 − 1)𝑥𝑗 + 𝐵(𝑗) ≠ 0 , then we get 

 

lim
𝑛→∞

|𝑥6𝑛+𝑗| = {
|

𝐵(𝑗)

𝐴−1
| , |𝐴| < 1 ,

∞,      |𝐴| > 1 .
  

 

Otherwise, if (𝐴 − 1)𝑥𝑗 + 𝐵(𝑗) = 0 and 𝐴 ≠ 1, then  𝑥6𝑛+𝑗 = 𝑥𝑗 for all 𝑛 ∈ 𝑁0, that is the sequence 

(𝑥𝑛)𝑛≥−1 is eventually periodic with period 6 and takes the form (𝑥𝑛)𝑛≥−1 =
(𝑥−1, 𝑥0, 𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥0, 𝑥1, … ) . 
 

b) If 𝐵(𝑗) ≠ 0  and 𝐴 = 1,  then |𝑥6𝑛+𝑗| → ∞, as 𝑛 → ∞. Otherwise, if 𝐵(𝑗) = 0 and 𝐴 = 1, then 𝑥6𝑛+𝑗 =

𝑥𝑗, for all 𝑛 ∈ 𝑁0, that is the sequence (𝑥𝑛)𝑛≥−1 is periodic of period 6 and takes the form  (𝑥𝑛)𝑛≥−1 =

(𝑥−1, 𝑥0, 𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥−1, 𝑥0, 𝑥1, … ).  
 

c) If  (𝐶 − 1)𝑦𝑗 + 𝐷(𝑗) ≠ 0,  then we get     

 

lim
𝑛→∞

|𝑦6𝑛+𝑗| = {
|

𝐷(𝑗)

𝐶−1
| , |𝐶| < 1 ,

∞,      |𝐶| > 1 .
  

 

Otherwise, if (𝐶 − 1)𝑦𝑗 + 𝐷(𝑗) = 0 and 𝐶 ≠ 1,  then 𝑦6𝑛+𝑗 = 𝑦𝑗 for all 𝑛 ∈ 𝑁0, that is the sequence 

(𝑦𝑛)𝑛≥−1 is eventually periodic with period 6 and takes the form  (𝑦𝑛)𝑛≥−1 =
(𝑦−1, 𝑦0, 𝑦1, 𝑦2, 𝑦3, 𝑦4, 𝑦5, 𝑦0, 𝑦1, … ).

  
 

d) If 𝐷(𝑗) ≠ 0 and 𝐶 = 1, then |𝑦6𝑛+𝑗| → ∞, as 𝑛 → ∞. Otherwise, if 𝐷(𝑗) = 0  and 𝐶 = 1,
 
then 𝑦6𝑛+𝑗 =

𝑦𝑗, for all 𝑛 ∈ 𝑁0, that is the sequence (𝑦𝑛)𝑛≥−1 is periodic with period 6 and takes the form (𝑦𝑛)𝑛≥−1 =

(𝑦−1, 𝑦0, 𝑦1, 𝑦2, 𝑦3, 𝑦4, 𝑦−1, 𝑦0, 𝑦1, … ).  
 

e) If (𝐸 − 1)𝑧𝑗 + 𝐹(𝑗) ≠ 0, then we get  

 

lim
𝑛→∞

|𝑧6𝑛+𝑗| = {
|

𝐹(𝑗)

𝐸−1
| , |𝐸| < 1 ,

∞,      |𝐸| > 1 .
  

 

Otherwise, if (𝐸 − 1)𝑧𝑗 + 𝐹(𝑗) = 0 and 𝐸 ≠ 1, then 𝑧6𝑛+𝑗 = 𝑧𝑗 for all 𝑛𝜖𝑁0, that is the sequence (𝑧𝑛)𝑛≥−1 

is eventually periodic with period 6 and takes the form  (𝑧𝑛)𝑛≥−1 = (𝑧−1, 𝑧0, 𝑧1, 𝑧2, 𝑧3, 𝑧4, 𝑧5, 𝑧0, 𝑧1, … ).
  

 

f) If  𝐹(𝑗) ≠ 0 and 𝐸 = 1, then |𝑧6𝑛+𝑗| → ∞, as 𝑛 → ∞. Otherwise, if 𝐹(𝑗) = 0  and 𝐸 = 1, then  𝑧6𝑛+𝑗 =

𝑧𝑗, for all 𝑛 ∈ 𝑁0, that is the sequence (𝑧𝑛)𝑛≥−1 is periodic with period 6 and takes the form  

(𝑧𝑛)𝑛≥−1 = (𝑧−1, 𝑧0, 𝑧1, 𝑧2, 𝑧3, 𝑧4, 𝑧−1, 𝑧0, 𝑧1, … ).  
 

Proof. 

 

We will only prove properties (a) and (b) since the other cases can be dealt with in the same manner.  

a)  Assume that (𝐴 − 1)𝑥𝑗 + 𝐵(𝑗) ≠ 0.  
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Clearly, if |𝐴| < 1, then |𝐴|𝑛 → 0 as 𝑛 → ∞. On the other hand, if |𝐴| > 1, then |𝐴|𝑛 → ∞ as 𝑛 → ∞. 
From Equation (16), we get  

 

lim
𝑛→∞

|𝑥6𝑛+𝑗| = lim
𝑛→∞

|
(𝐴−1)𝑥𝑗+𝐵(𝑗)

𝐴−1
𝐴𝑛 + (

𝐵(𝑗)

1−𝐴
)|  

 

                             = |
(𝐴−1)𝑥𝑗+𝐵(𝑗)

𝐴−1
lim

𝑛→∞
𝐴𝑛 + (

𝐵(𝑗)

1−𝐴
)|  

 

                             = {
|

𝐵(𝑗)

𝐴−1
| , |𝐴| < 1 

∞,       |𝐴| > 1 
. 

 

Now on the other hand (𝐴 − 1)𝑥𝑗 + 𝐵(𝑗) = 0  and  𝐴 ≠ 1. Then we have  

 

𝑥6𝑛+𝑗 = 𝑥𝑗𝐴𝑛 + 𝐵(𝑗) (
𝐴𝑛−1

𝐴−1
)  

 

            = 𝑥𝑗𝐴𝑛 + (
𝐴𝑛−1

𝐴−1
) (−(𝐴 − 1)𝑥𝑗)  

 
            = 𝑥𝑗𝐴𝑛 − (𝐴𝑛 − 1)𝑥𝑗  

 

            = 𝑥𝑗 , 

 
which completes the proof of (a). 

 

b) Let 𝐴 = 1. If 𝐵(𝑗) ≠ 0 , then from Equation (16) we get   

 

𝑥6𝑛+𝑗 = 𝑥𝑗 + 𝐵(𝑗)𝑛 . 

 

Letting 𝑛 → ∞ in above equations implies that |𝑥6𝑛+𝑗| → ∞. On the other hand, If 𝐵(𝑗) = 0, then 

obviously, 𝑥6𝑛+𝑗 = 𝑥𝑗 + 𝐵(𝑗)𝑛 = 𝑥𝑗 + 0 = 𝑥𝑗, ∀𝑛 ∈ 𝑁0, 𝑗 = 0,5̅̅ ̅̅  , which completes the proof of (b). 

 

Corollary 1. Assume that {(𝑥𝑛, 𝑦𝑛, 𝑧𝑛)}𝑛≥−1 are well-defined solutions of system (4). Then for 𝑗 = 0,5̅̅ ̅̅ , the 

following statements hold.  

 

a) If 𝐴 = −1 then for all 𝑛 ∈ 𝑁0, we get    

 

{
𝑥12𝑛+𝑗 = 𝑥𝑗,

𝑥12𝑛+6+𝑗 = −𝑥𝑗 + 𝐵(𝑗),
  

 

that is the sequence (𝑥𝑛)𝑛≥−1  is periodic with period 12 and takes the form  

 

(𝑥𝑛)𝑛≥−1 = (𝑥−1, 𝑥0, 𝑥1, 𝑥2, 𝑥3, 𝑥4, −𝑥−1 + 𝐵(5), −𝑥0 + 𝐵(0), −𝑥1 + 𝐵(1), −𝑥2 + 𝐵(2), −𝑥3 +

                       𝐵(3), −𝑥4 + 𝐵(4), 𝑥−1, 𝑥0, … ). 
 

b) If  𝐶 = −1 , then for all 𝑛 ∈ 𝑁0, we get  

 

{
𝑦12𝑛+𝑗 = 𝑦𝑗,

𝑦12𝑛+6+𝑗 = −𝑦𝑗 + 𝐷(𝑗),
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that is the sequence (𝑦𝑛)𝑛≥−1  is periodic with period 12 and takes the form  

 

(𝑦𝑛)𝑛≥−1 = (𝑦−1, 𝑦0, 𝑦1, 𝑦2, 𝑦3, 𝑦4, −𝑦−1 + 𝐷(5), −𝑦0 + 𝐷(0), −𝑦1 + 𝐷(1), −𝑦2 + 𝐷(2), −𝑦3 +

                       𝐷(3), −𝑦4 + 𝐷(4), 𝑦−1, 𝑦0, … ). 
 

c) If 𝐸 = −1, then for all 𝑛 ∈ 𝑁0, we get   

 

{
𝑧12𝑛+𝑗 = 𝑧𝑗,

𝑧12𝑛+6+𝑗 = −𝑧𝑗 + 𝐹(𝑗),
  

 

that is the sequence (𝑧𝑛)𝑛≥−1   is periodic with period 12 and takes the form  

 

(𝑧𝑛)𝑛≥−1 = (𝑧−1, 𝑧0, 𝑧1, 𝑧2, 𝑧3, 𝑧4, −𝑧−1 + 𝐹(5), −𝑧0 + 𝐹(0), −𝑧1 + 𝐹(1), −𝑧2 + 𝐹(2), −𝑧3 + 𝐹(3), −𝑧4 +

                         𝐹(4), 𝑧−1, 𝑧0, … ). 
 

Proof.  
 
We will only prove property (a) since the other cases can be dealt with in the same manner. 

 

a) When 𝐴 = −1, then from Equation (16) we have for  𝑛 ∈ 𝑁0,   
 

𝑥6𝑛+𝑗 = (−1)𝑛𝑥𝑗 + (
1−(−1)𝑛

2
) 𝐵(𝑗) .        (19) 

 

 Replacing 𝑛 by 2𝑛 and respectively by 2𝑛 + 1 in Equation (19), we get  

 

𝑥12𝑛+𝑗 = (−1)2𝑛𝑥𝑗 + (
1−(−1)2𝑛

2
) 𝐵(𝑗) = 𝑥𝑗,  

 

𝑥12𝑛+6+𝑗 = (−1)2𝑛+1𝑥𝑗 + (
1−(−1)2𝑛+1

2
) 𝐵(𝑗) = −𝑥𝑗 + 𝐵(𝑗)  

 

for  𝑛𝜖𝑁0.  
 

The following result is a direct consequence of Theorem 1 and Corollary 1. 

 

Corollary 2. Assume that {(𝑥𝑛, 𝑦𝑛, 𝑧𝑛)}𝑛≥−1 are well-defined solutions of system (4). Then, the following 

statements hold. 

 

a) If  𝐴 = 𝐶 = 𝐸 = −1, then the solutions are periodic with period 12. 

 

b) If  𝐴 = 𝐶 = 𝐸 = 1 and 𝐵(𝑗) = 𝐷(𝑗) = 𝐹(𝑗) = 0  for 𝑗 = 0,5̅̅ ̅̅ , then the solutions are periodic with period 

6. 

c) If |𝐴| > 1, |𝐶| > 1, |𝐸| > 1, then for 𝑛 → ∞  we have  |𝑥6𝑛+𝑗| → ∞, |𝑦6𝑛+𝑗| → ∞,  

|𝑧6𝑛+𝑗| → ∞ for  𝑗 = 0,5̅̅ ̅̅ , that is the solutions are unbounded.  

 

4. NUMERICAL EXAMPLES 

 

To support our theoretical results, we present numerical examples that represent the solutions of various 

cases of system (4). 

 

Example 1. Consider the system (4) with the initial values 𝑥−1 = 2,  𝑥0 = −12,  𝑦−1 = 50,  𝑦0 = 32,
𝑧−1 = 4,  𝑧0 = −60 and the parameters, 𝑎 = 1, 𝑏 = 1, 𝑐 = −1, 𝛼 = 3, 𝛽 = 2, 𝛾 = 7, the solutions are 
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represented as in the following figures. 

 

 
        Figure 1. Plots of 𝑥𝑛                 Figure 2. Plots of  𝑦𝑛                Figure 3. Plots of 𝑧𝑛 

 

The condition (a) in Corollary 2 is satisfied from Figures (1)- (3). Therefore, the solutions of system (4) are 

periodic with period 12. 

 

Example 2. Consider the system (4) with the initial values  𝑥−1 = 5,  𝑥0 = 4,  𝑦−1 = −2,  𝑦0 = 7, 𝑧−1 =
3,  𝑧0 = 9 and the parameters, 𝑎 = 𝑏 = 𝑐 = 1, 𝛼 = 𝛽 = 𝛾 = 0, then the solutions are represented as 

follows: 

 

 
        Figure 4. Plots of 𝑥𝑛                 Figure 5. Plots of 𝑦𝑛                  Figure 6. Plots of 𝑧𝑛          

 

The condition (b) in Corollary 2 is satisfied from Figures (4)-(6). Therefore, the solutions of system (4) 

are periodic with period 6. 

 

Example 3. Consider the system (4) with the initial values  𝑥−1 = 600, 𝑥0 = 700,  𝑦−1 = 80,  𝑦0 = 900,
𝑧−1 = 100,  𝑧0 = 110 and the parameters, 𝑎 = 2, 𝑏 = 4, 𝑐 = 6, 𝛼 = 7, 𝛽 = 2, 𝛾 = 5, in this case the 

solutions are represented in the following figures. 

 

  
           Figure 7. Plots of 𝑥𝑛                   Figure 8. Plots of 𝑦𝑛                 Figure 9. Plots of 𝑧𝑛     

 

In this case the condition (c) in Corollary 2 is satisfied. From Figures (7)-(9) we can see that   

 

lim
𝑛→∞

|𝑥6𝑛+𝑗| → ∞, lim
𝑛→∞

|𝑦6𝑛+𝑗| → ∞, lim
𝑛→∞

|𝑧6𝑛+𝑗| → ∞ . 

 

Example 4. Consider the system (4) with the initial values  𝑥−1 = 1.3, 𝑥0 = 0.2,  𝑦−1 = 2.5,  𝑦0 = 0.9,
𝑧−1 = 1.8,  𝑧0 = 1.1 and the parameters, 𝑎 = 1, 𝑏 = 2, 𝑐 = 5, 𝛼 = 2.6, 𝛽 = 1.7, 𝛾 = 0, the solutions 

are represented in following figures. 
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        Figure 10. Plots of 𝑥𝑛                    Figure 11. Plots of 𝑦𝑛                  Figure 12. Plots of 𝑧𝑛    

 

In this case the condition (a), (c), (e) in Theorem 1 is satisfied. From Figures (10)-(12) we can see that  

 

lim
𝑛→∞

|𝑥6𝑛+𝑗| → 0, lim
𝑛→∞

|𝑦6𝑛+𝑗| → ∞, lim
𝑛→∞

|𝑧6𝑛+𝑗| → ∞. 

 

Example 5. Consider the system (4) with the initial values 𝑥−1 = 1.3, 𝑥0 = 0.2,  𝑦−1 = 2.5,  𝑦0 = 0.9,
𝑧−1 = 1.8,  𝑧0 = 1.1  and the parameters, 𝑎 = 15, 𝑏 = 4, 𝑐 = 3, 𝛼 = 0, 𝛽 = 5.9, 𝛾 = 6.3, the following 

figures represent our solutions, 

 

 
             Figure 13. Plots of 𝑥𝑛            Figure 14. Plots of 𝑦𝑛                  Figure 15. Plots of 𝑧𝑛        

          
In this case the condition (a), (c), (e) in Theorem 1 is satisfied. From Figures (13)-(15) we can see that  

 

lim
𝑛→∞

|𝑥6𝑛+𝑗| → ∞, lim
𝑛→∞

|𝑦6𝑛+𝑗| → 0, lim
𝑛→∞

|𝑧6𝑛+𝑗| → ∞. 

 

Example 6. Consider the system (4) with the initial  𝑥−1 = 1.3, 𝑥0 = 0.2,  𝑦−1 = 2.5,  𝑦0 = 0.9, 𝑧−1 =
1.8,  𝑧0 = 1.1 and the parameters, 𝑎 = 3, 𝑏 = 16, 𝑐 = 4, 𝛼 = 2.7, 𝛽 = 0, 𝛾 = 7.9 the solutions are 

represented by the following figures. 

 

  
          Figure 16. Plots of 𝑥𝑛                Figure 17. Plots of 𝑦𝑛            Figure 18. Plots of 𝑧𝑛      

 

In this case the condition (a), (c), (e) in Theorem 1 is satisfied. From Figures (16)-(18) we can see that  

 

lim
𝑛→∞

|𝑥6𝑛+𝑗| → ∞, lim
𝑛→∞

|𝑦6𝑛+𝑗| → ∞, lim
𝑛→∞

|𝑧6𝑛+𝑗| → 0. 

 

5. CONCLUSION 

 

In this study, we have consider the following three-dimensional system of difference equations  

𝑥𝑛+1 =
𝑎𝑥𝑛𝑧𝑛−1

𝑧𝑛−𝛽
+ 𝛾, 𝑦𝑛+1 =

𝑏𝑦𝑛𝑥𝑛−1

𝑥𝑛−𝛾
+ 𝛼, 𝑧𝑛+1 =

𝑐𝑧𝑛𝑦𝑛−1

𝑦𝑛−𝛼
+ 𝛽, 𝑛 ∈ 𝑁0, 
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where the parameters 𝑎, 𝑏, 𝑐, 𝛼, 𝛽, 𝛾  and the initial values  𝑥−𝑖, 𝑦−𝑖, 𝑧−𝑖, 𝑖 = 0,1  are non-zero real 

numbers. 

 

Firstly we have obtain the closed form of well defined solutions of the aforementioned system using suitable 

transformation reducing the equations of our system to linear type. Also, we have examine the behavior and 

the periodicity of the solutions of this system. Finally, numerical examples are provided to support our 

theoretical results. 

 

It would be interesting to study the 𝑘 − dimensional version of the system (4). 
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