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Abstract:

In this paper, we investigate associated curves according to type-2 Bishop frame in
E3. In addition, necessary and sufficient conditions for a curve to be a regular one are studied
to the mentioned frame. Finally we give characterization of the are length of spherical

indicatrice and inclined curve using harmonic curvature.
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Ozet:

Biz, bu makalede, 3-boyutlu Oklid uzayinda 2. Tip Bishop catisina gore baglantili
egrileri arastirryoruz. Bununla beraber, 2. Tip Bishop catisina gore bir egrinin regiiler
olmasinin gerek ve yeter kosullarini inceliyoruz. Son olarak, harmonik egrilikden
yararlanarak  kiiresel gostergelerle, inclined egrilerinin yay uzunluklarina dair

karakterizasyonlar veriyoruz.
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1 INTRODUCTION

Curves as geometical objects are one of the fundamental structures of differential
geometry. An increasing interest of the theory of curves makes researches of special curves a
development. The curves are said to be associated curves which are obtained from the
differential and geometrical relation between two or more curves. Associated curves are used
in science and engineering. For instance , some of these curves are Bertrand curves,

Mannheim curves, inclined curves, etc. There are many works on these curves (see [1], [2],

[31. [8], [10]).

In this paper, we give some new characterizations of associated curves by using type-2
Bishop frame in E3. Later, we characterize spherical indicatrices and inclined curves using
harmonic curvatures.

2 PRELIMINARIES
The Euclidean 3-space R3 proved with the standard flat metric given by
<, >=dxi + dxi + dx3

where (x4, x,,x3) is a rectangular coordinate system of R3. Recall that the norm of an
arbitrary vector aeRR3 is given by ||a|| = /< a, a >. a is called a unit speed curve if velocity

vector v of « is satisfied by ||v]|| = 1.

Let X be a smooth vector field on M. We express that a smooth curve w:I - M is an

integral curve of X if
w'(s) = Xys) 1)
holds for any sel.

Denote by {T, N, B} the moving Frenet-Serret frame along the curve w in the space
E3. For an arbitrary curve w with the first and second curvatures k and t in the space E3, the

following Frenet-Serret formulae are given
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T'(s) = k(s)N(s)
N'(s) = —k(s)T(s) + T(s)B (s) (2)
B'(s) = —t(s)N(s)

where the curvature functions are defined by k = k (s) = ||T'(s)|| and

7(s) = —<B,N >, B=—[ N(s)t(s)ds. In the rest of paper , we suppose everywhere
k#0andt#0.

The Bishop frame or parallel transport frame is an alternative approach to define a
moving frame that is well defined even when the curve has vanishing second derivative. One
can express parallel transport of orthonormal frame along a curve simply by parallel

transporting each component of the frame.

Now ,we define some associated curves of a curve w in E3 defined according to type-
2 Bishop frame. For a Frenet curve w: I — E3 , consider a vector field v given by

v(s) = a(s)T(s) + B(s)N(s) + y(s)B(s), 3)
where a, 8 and y are functions on I satisfying a?(s) + f%(s) + y2(s) = 1. Then, an integral

curve w(s) of v defined on I is a unit speed curve in E3, [8].

The type-2 Bishop frame is expressed as (see, [3])

& 0 0 —&] &
&E1=10 0 —&].]¢
B &g & 0 B
or
fi=—51B:
§ = —&B, (4)

B = g1 + £¢;.

In order to investigate a type-2 Bishop frame relation with Serret-Frenet frame, first we write
B =—tN =¢&¢; + 4%, ®)

Taking the norm of both sides (5) , we have

k(s) =22 1(s) = eI + 3 (6)
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Moreover, we may express
£,(s) = —tcosB(s), &,(s) = —sin b (s). @)

By this way , we conclude with 8(s) = arctan z_z The frame {&,, £,,B} is properly oriented,

and T and 6(s) = fOSK(s)ds are polar coordinates for the curve w(s).
We write the tangent vector according to the frame {&;, ¢,, B} as
T =sin6(s)&; — cos O(s)é,
and differentiate with respect to s, we have
T' = kN = 0'(s)(cos 0(s)&; + sin B (5)&,) + (sinB(s)&;" — cos O(s)&,). (8)
Substituting & = —&;B and &, = —&, B into (8) we have
kN = 0'(s)(cos 8(s)&; + sinO(s)E,)
In the above equation let us take 8 '(s) = k(s). Hence we immediately arrive at
N = cos 8(s)¢&; + sin6(s)é,.

Considering the obtained equations , the relation matrix between Serret-Frenet and the type-2

Bishop frame can be expressed [3]

T sinf(s) —cosfl(s) 07[¢&;
N|=|cosf(s) sinf(s) 0]|&, ©)
B 0 0 11LB

Definition 2.1. The function

_ &)
£1(5)

is called harmonic curvature function of the curve « provided that ; # 0 and &, # 0,

according to type-2 Bishop frame in Euclidean space.
Definition 2.2. The following differentiable fuction defined in an open interval

I = {t:a < t < b} in the set of real numbers
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a:l - E3

t - a(t) = (a1 (t), ay(t), as(t))

is a curve in E3 and if the first derivative of the curve is non-zero everywhere, so this curve is

called a regular curve.

Definition 2.3. Let « = a(s) be aregular curve with curvatures x and 7 . « is an inclined

curve if and only if g =constant [5].

Remark 2.1. A principal-direction (resp. the binormal-direction) curve is an integral curve of
V(s)witha(s) =y(s) =0, B(s) =1 (resp. a(s) =B(s) =0, y(s) =1) forall s, see
[8].

Proposition 2.1. [8], Let w be a curve in E3 and let w be an integral curve of w. Then, the

principal-direction curve of w equals to w up to the translation if and only if

a(s) = 0,B(s) = —cos(f 1(s)ds) # 0,y(s) = sin(f t(s)ds). (10)
For the rest of this paper, we assume that § = s without loss of generality.

3 &, —DIRECTION CURVE AND §; —DONOR CURVE; ¢, —DIRECTION CURVE
AND &, —DONOR CURVE ACCORDING TO TYPE-2 BISHOP FRAME IN E3

Definition 3.1. Let X be a curve in E3. An integral curve of &, is called &, —direction curve of

X according to type-2 Bishop frame if & —direction curve is an integral curve of (11) with

y(s) = B(s) = 0,a(s) = 1.

Definition 3.2. Let X be a curve in E3. An integral curve of &, is called &, —direction curve

of X according to type-2 Bishop frame if &, —direction curve is an integral curve of
v(s) = als)§1(s) + B(s)§2(s) + v(s)B(s) (11)
with a(s) =y(s) =0,B(s) = 1.

Definition 3.3. An integral curve of &; is called &; —donor curve of X according to type-2

Bishop frame.

Definition 3.4. An integral curve of &, is called &, —donor curve of X according to type-2
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Bishop frame.

Theorem 3.1. Let X be a curve in E3 with the curvature k and the torsion t and X be the
&, —Direction curve of X with the curvature i and the torsion T. Then, the Frenet frames of X
are T(s) = &,(s) ,N(s) = —B(s), B(s) = &,(s) and also the curvature i and torsion T of X

are given by k (s) = &;(s) and T (s) = —&.(5).
Proof. Obviously, from the Definition 3.2, we write

X' =T(s) = &(s). (12)
If we take the norm of the derivative of (12), then we obtain ,
K (s) = &(s) (13)
for e, > 0.

Differentiating (12) with respect to s , we have

N(s) = —B(s). (14)
Taking the vector product of T and N, we obtain

B(s) = &1(s), (15)
and differentiating (15), we get

B'=—-TN = —¢B, (16)
substituting N = —B into (16) we find

T(s) = —&(s). (17)

Corollary 3.1. Let X be a Frenet curve in E3 with the curvature x and the torsion t and let X
be the &, —direction curve of X with the curvature £ and the torsion T. Then, the type-2

Bishop frame of X is given by

T(s) = sin(f §2(s)ds)&1(s) — cos(f §2(s)ds)&(s),
N(s) = cos(f §2(5)ds)é1(s) + sin(f &2(s)ds)$2(s), (18)
B(s) = &(9).
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Proof. It is seen straightforwardly by using (9).

Corollary 3.2. If a curve X in E3 is a & —donor curve of a curve X with the curvature i and

the torsion T, then the torsion t of the curve X is given by

7(s) = \/Ez(s) + T2(s) (19)
Proof. If we take the squares of (14) and (17), then we have (19).

Corollary 3.3. Let X be a curve in E® with the curvature k and the torsion t and let X be the

&, —direction curve of X with the curvature x and the torsion T. Then, it satisfies

0 - _ cot 8(s).

k()
Proof. It is seen straightforwardly.

Theorem 3.2. Let X be a curve in E3 and let X an integral curve of (11). Then, the principal-

direction curve of X equals to X up to the translation if and only if « = 0 and
a(s) = — [ &(s)y(s)ds.
Proof. Differentiating a?(s) + f%(s) + y2(s) = 1 with respect to s, we get
aa' + BB +yy' =0 (20)
Similarly differentiating (11) with respect to s, we have
V= (' +ye)é + (B +rveds + (v — agy — fer)B,
since v'(s) = X"(s)= T'(s) = kN(s), X is a principal-direction curve of X, ie.,
X(s) =T(s) = N ifand only if
a +ye #0,
B +ve; =0, (21)
Y —ag — B, =0

hold. Multiplying the third equation (21); with y and the second equation in (20) with £, we
have a(a’ + £;y) = 0. Since a’ + &,y # 0, if it follows that we get « = 0 and

a(s) = — [ &,(s)y(s)ds.
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Theorem 3.3. Let X be a curve with the curvature k and the torsion T in E3 and let X be the
&, —direction curve of X be the &; —direction curve of X with the curvature # and the torsion
T. Then, the Frenet frames of X are T(s) = &,(s), N(s) = —B(s), B(s) = &,(s) and

curvature k and torsion T of X are determined by

K(s) = g(s) and T (s) = —&,(5).

Proof. From the Definition 3.1, we can easily obtain that

X'(s) = T(s) = &1(9). (22)
If we take the norm of the derivative of (22), then we obtain,

K(s) = &(s) (23)
for ¢; > 0. Differentiating of (22) , we get

N(s) = —B(s). (24)
Taking the vector product of T and N , we have

B = §(s). (25)
Differentiating (25) we obtain

B'= —¢,B, (26)
and substituting (24) into (26) we find

7(s) = —&,(s). (27)

Corollary 3.4. Let X be a curve in E® with the curvature k and the torsion T and let X be the
&, —direction curve of X with the curvature ¥ and the torsion T. Then, the type-2 Bishop

frame of X is given by

T(s) = sin(f §1(s)ds)¢1(s) — cos(f §1(s)ds)E,(s),
N(s) = cos(f §1(s)ds)§1(s) + sin(f &1 (s)ds)E(s),
B(s) = &(s).

Proof. It is seen straightforwardly by using (9).

Corollary 3.5. If acurve X in E3 is a & —donor curve of a curve X with the curvature i and

Characterizations Of Some Associated And Special Curves To Type-2 Bishop Frame InE3 73



Yilmaz/ Kirklareli University Journal of Engineering and Science 1 (2015) 66-77

the torsion T, then the torsion t of the curve X is given by

7(s) = \/Ez(s) + T2(s) (28)
Proof. If we take the squares of (23) and (27), then we have (28).

Corollary 3.6. Let X be a curve in E3 with the curvature k and the torsion T and let X be the

&, —direction curve of X with the curvature x and the torsion T. Then, it satisfies

T _
o tan 8(s).

Proof. It is seen straightforwardly.

4 CHARACTERIZATION OF SLANT HELICES ACCORDING TO TYPE-2
BISHOP FRAME IN E3

Let us denote the tangent, the principal normal, and the binormal indicatrices of curve a with
aq, a, and a5 respectively. The following properties must be taken into the consideration for

spherical indicatrix of curve a to be a regular curve

. . d
i) The curve a; is regular & ”%

=g #0,sincea; =& =——=—&B

.. .. R d R
i) Similarly the curve a, is regular & ”% =g, # 0, since
daz
= = — = —
a; =&, ds B

= /&% + &2 (5 #0,e, # 0) since

_ .
iii)  Also, curve as is regular ”%

da
as =B =>d_: = &1+ &5,

4.1 The arc-length of the tangent indicatrices of the curve a
Let &, (s) = &(s) be the tangent vector field of the curve
a:l cE - E3

s - a(s)

The spherical curve of a;lzf on S? is called tangent indicatrices of a. Let s be the arc-length
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[— . daf d R
ag, (551) = &,(s). Letting Fgl = 5151 we have Tf1 = (—&B) ds: . Hence, we obtain
1

1

4.2 The arc-length of the principal normal indicatrices of the curve a
Leté, = 5’(5) be a principal normal vector field of the curve
a:1c E - E3
s - a(s)

The spherical curve ag, = 5’ on S2 is called principal spherical indicatrices for a. Let s € 1

be the arc-length of . If we denote the arc-length of ., by szwe may write

d

_ — . afz _ _ ds
ag, (ng) = &,(s). Moreover, letting ase, 5152, we have sz = (—&B) a5, Hence we
get
dSs
dSZ = 82.
If the harmonic curvature of a is H = =, then we get Sy = [ ds +c.
1

4.3 The arc-length of the binormal indicatrices of the curve a
Let B = §(s) be the binormal vector field of the curve
a:1cE - E3
s = a(s)

The spherical curve ag = B on S2 is called binormal indicatries of « . Let s € I be the arc-

length parameter of «. If we denote the arc-length parameter of ay by sg, we may write

ap(sp) = B(s).

Moreover, letting % = Ty, we obtain Tz = (&:&; + €¢,) dde. Obviously, we end up
B B
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dSB _ 2 _
E—\/c‘fl +€2 =T.

In this case, we give the following result. If t is the second curvature of the curve a:1 - E3,

then the arc-length sg of the binormal a of « is sy = [ tds.

If the harmonic curvature of ¢ is H = Z—Z then we get sz = [ &,V1 + H? ds.

1 )
Thus we can give the following theorem:
Theorem 4.1. If the curve a c E3 is an inclined curve (general helix), then H is constant.

Proof: From the equation (7), then we can write

2 = tané. (29)

&1

Differentiating with respect to s we have
€2y 1= 2py 40
(81) =(1 + tan“6) - Or

2y =1+(2) 1L

€1

Rearrangement of this equation, we get

o D
ds 1+ &7 (30)
and using H = =2 in (30), we obtain
1
a9 H
ds  1+H?Z (31)

integrating (31), we find

0=[—ds

1+H2 7’

since H' = Z—I: implies H'ds = dH, then we have 8 = arctan H + c, where c is a constant.

If the curve «a is an inclined curve, then from (29) 8 is constant, i.e.,

arctanH = 6 — ¢ = constant. (32)
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Rearranging (32), we have H = tan(6 — c¢) = constant.Hence, the proof is completed as
required.

REFERENCES

[1] J. F. Burke, Bertrand curves associated with a pair of curves, Mathematics Magazine.
34(1), 60-62, 1960.

[2] R. Ghedami, Y. Yayli, A new characterization for inclined curves by the help of
spherical representations according to Bishop frame, Intl Jour Pure Appl Math, 74(4) 455-
463, 2012 .

[3] S. Yilmaz, M. Turgut, A new version of Bishop frame and an application to spherical
images. J Math Anal Appl 371:764-776, 2010.

[4] M. do Carmo, Differential geometry of curves and surfaces, Prentice-Hall, Saddle
River, 1976.

[5] B. O’Neill, Elementary differential geometry, Academic Press, New York, 1966.

[6] S. Yilmaz, Spherical indicators of curves and characterizations of some special curves
in four dimensional Lorentzian space L* , PhD Dissertation, Dokuz Eylil University,
2001,

[7] G. Canuto, Associated curves and Pliicker formulas in Grassmannians , Inventiones
Mathematicae , 53 (1) , 77-90, 1979.

[8] J.H. Choi, Y.H. Kim, Associated curves of a Frenet curve and their applications. Appl
Math Comput, 218: 9116-9124, 2012.

[9] S.Yilmaz , Position vectors of some special space-like curves according to Bishop
frame in Minkowski space E3 , Sci Magna , 5(1), 48-50, 2010.

[10] T. Korpinar, M. Sariaydin and E. Turhan, Associated curves according to Bishop
frame in Euclideam space , AMO-Advanced and Optimization, 15(3), 713-717, 2013.

[11] E. Ozyilmaz, Classical differential geometry of curves according to type-2 Bishop
trihedra, Math Comput Appl, 16(4), 858-867, 2011.

Characterizations Of Some Associated And Special Curves To Type-2 Bishop Frame InE3 77



