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Abstract. In this study, initially, we provided a conceptual analysis for the rate of
change interpretation of derivative from the quantitative reasoning perspective.
Then, based upon the principles drawn from the quantitative reasoning perspective,
the 12th-grade Turkish mathematics textbooks were analyzed, specifically focusing
on the derivative topic, using the document analysis research method. The findigs
indicated that mathematics textbooks are insufficient in terms of the diversity of
real-life contexts. Even, the derivative as a rate of change concept is generally
introduced limited with the kinematic contexts. Units of the quantities are properly
used in the real-life contexts that appeared in the textbooks, however, the
discussions and interpretations on the derivative concept by using the units of the
quantities are not deep enough. Moreover, the covariation and relative-size ideas
that are accepted to be prominent for the understanding of the rate of change are
not sufficiently emphasized in all of the textbooks. The weak points in the Turkish
mathematics textbooks that need to be enriched related to the concept of the
derivative as a rate of change were emphasized. In the light of the findings, we also
discussed the aspects that need to be developed in the textbooks provided with
some samples of the real-life interpretations of the derivative as a rate of change and
as relative size.
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1. INTRODUCTION

The derivative is one of the basic concepts of calculus and it requires a robust
understanding of some of the former concepts such as rate, ratio, limit, and slope.
Although the rate of change is the most extensive real-life interpretation of the
derivative, students and teachers have difficulties conceptualizing it (Bezuidenhout,
1998; Byerley & Thompson, 2017; Byerley, 2019; Bingolbali, 2008; Herbert & Pierce,
2011, 2012). Weakness or inadequacy of the textbooks is one of the possible reasons for
student and teacher difficulties with the rate of change interpretation of derivative
(Bingolbali, 2008; Byerley & Thompson, 2017; Mkhatshwa, 2016; Mkhatshwa & Doerr,
2018; Teuscher & Reys, 2012).

As one of the most important guides for teacher practices and as they involve an
interpretation of curricula, mathematics textbooks have been the focus of various
research studies (Bingolbali & Bingolbali, 2020; Howson, 2013; Schmidt, 2012; Yavuz &
Bastiirk, 2011). Studies on mathematics textbooks generally focus on analyzing (i) the
mathematical topics covered, (ii) students’ performance expectations (i.e.,, problem
solving, using routine or non-routine procedures), (iii) visual features (e.g., use of
different representations), and (iv) international comparative studies (Howson, 2013).
Comparison of the mathematics textbooks for different nations are commonly appearing
studies maybe because of the didactic outcomes obtained from different customs and
perspectives that different countries have (e.g., incikabi & Tjoe, 2013; Yavuz & Bastiirk,
2011). We also observe many studies focusing on the coverage of a particular concept in
textbooks, the nature of the problems and activities used, or the use of multiple
representations (e.g., Bingolbali & Bingolbali, 2020; Yavuz v& Bastiirk, 2011). Although
there are some textbook analysis studies for the entire topic of derivative (e.g., de
Almeida & da Silva, 2018; Park, 2016; Randhal & Grevholm, 2010, there is no research
study focusing on the rate of change interpretation of it in particular. In the study by
Randahl and Grandholm (2010), for instance, it is reported that calculus textbooks used
in engineering faculty classes covered the derivative concept with an emphasis on
procedural aspects rather than conceptual knowledge.

As mathematics textbooks have been seemed to be one of the main reasons for student
and teacher difficulties with the concept of rate of change, and because of the
inadequacy of national and international studies focusing on the rate of change in
textbooks, in particular, it worth researching Turkish mathematics textbooks
(Bingolbali, 2008). The findings of this study may guide educators and textbook writers
to write more eligible mathematics textbooks. In this study, at first, we provided a
conceptual analysis of the rate of change from the perspective of Thompson’s (1994;
2011) quantitative reasoning theory. From this conceptual analysis, the important
points and basic principles were determined that should be considered in the teaching
and learning of the derivative as a rate of change. And then, by using the principles
derived from the conceptual analysis, we analyzed a total of 3 mathematics textbooks,
limited with the derivative topic, which have been approved by the Board of Education
(TTKB) and are still being thought in all kinds of high schools following the Ministry of
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Education (MEB) curricula. The following research questions guided the textbook
analysis side of this study:

e How was the rate of change interpretation of the derivative covered in
mathematics textbooks?

e What kind of real-life contexts has been included in the mathematics textbooks
regarding the derivative as a rate of change?

e How (or to what extent) the covariation and relative-size ideas involved in the
rate of change were emphasized in the mathematics textbooks?

2. A CONCEPTUAL ANALYSIS ON RATE OF CHANGE

The meaning of derivative can be represented or interpreted as (i) slope of tangent line,

f(x+h)—
h

(ii) rate of change, (iii) difference quotient with limiting (Ihing F(x) ), and (iv)

velocity with different process-object layers (Zandieh, 2000; Zandieh & Knapp, 2006).
One or a few of these interpretations come into prominence according to the context
that a problem or task was presented (Weber & Dorko, 2014). For example, the slope of
a tangent line or different quotient interpretations will be at the forefront when a task is
given with a graphical representation, while speed interpretation will be apparent in a
kinematics context. In this section, the meaning of derivative as a rate of change will be
explained. We will try to describe what it means a robust conception of the rate of
change from the quantitative reasoning perspective (Thompson, 1994; 2011).

Rate of Change Concept from the Quantitative Reasoning Perspective

Quantitative reasoning is a theory introduced by Thompson (1994; 2011) which
analyzes and explains in-depth meanings of mathematical ideas and concepts in real-life
contexts. From the quantitative reasoning perspective, giving meaning to a mathematical
idea in a real-life context can be verified after conceiving it as a quantity that
schematically involves (i) the existence of an object, (ii) an attribute or quality of the
object, (iii) an appropriate unit, and (iii) quantification of the attribute (Thompson,
1994). Let’s think about a moving vehicle. The vehicle here is an object. The moving
nature is its attribute or quality. As the moving nature of the vehicle is conceived as a
quality, quantifying it by assigning a numerical value and with an appropriate unit
comes into mind, and to do this we need mathematical operations. In this example, we
quantify velocity (the quality of the vehicle) by using the division operation in the form
of a difference quotient.

Rate of change, from the quantitative reasoning perspective, has been described as “a
new quantity obtained as the result of multiplicative comparison of changes in two other
quantities” and this is called a quantitative operation (Thompson, 2011, p.17).
Multiplicative comparison is a quantitative operation for which the division is used as a
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numerical (arithmetical) operation. Using the division arithmetic operation does not
make the rate of change concept simple, because thousands of real-life contexts can be
found in which division operation can be utilized. The main difficulty here is conceiving
the rate of change as a quantitative operation of “the multiplicative comparison of the
changes (relative-size) in two simultaneously changing quantities” and then selecting the
true arithmetical operation for this. Because the rate of change is a new quantity
obtained as a result of a multiplicative comparison of the changes in two other
quantities, it is an abstract and intensive quantity (Schwartz, 1988). Quantification of the
rate of change involves an indirect measurement as it involves the ratio of the changes in
two other quantities (Quantity-1, Quantity-2) that changes together (Stroup, 2002;
Thompson, 1994). For conceiving the rate of change as a new quantity, there is a need
for a holistic view about two simultaneously changing quantities and the new quantity

obtained from them (X, y,—yj as a quantitative structure (Thompson, 2011).

A
AX
Reconsidering the speed concept in the previous example, it is a new and abstract
quantity obtained by using distance and time quantities, so a quantitative structure is
needed (Distance, Time, Distance/time) for a clear understanding of speed (Thompson,
2011). Therefore, a robust conception of derivative as a rate of change requires an
interpretation of it as a measure of relative size in the changes of two quantities (Byerley
& Thompson, 2017). Relative-size here stands for the third (new and abstract) quantity
obtained as a result of the multiplicative comparison of two quantities. Rate of change as
relative-size means that any sized change in the independent variable will result in a
change in the dependent variable as how many times as much.

For instance, let’s assume V (h) =5h” is an algebraic representation giving the amount of
water (It) as a function of its height (m) in a pot. We will get V(2)=20(It) and
V'(h)=10h =V'(2)=20 (lt/m) values. The meaning of V'(2) =20 (It/m) expression as
a relative size is that any sized change in height at the instant of h=2m will result in 20
times as much change in the volume. In other words, at the instant ofh=2 m, if the
height change (increase) by 0,03 m, the volume will change (increase) by 0,6 It that
indicates the expression ofV(2,03) ~20,6. The expression V(2,03)~20,6 should be
interpreted as an approximate value of volume ath=2m because the instantaneous rate
of change is valid for infinitesimal changes and a change of0,03 mis a very big value

when compared to an infinitesimal amount of change. Another example with the same
function is provided in Figure-1 below.
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Volume (liter)

3071 Vil =5

25+
L(h)=10h-5
B (9/5, 16)

9/5, 13)

AV=T1"1)x Ax=10 x 08=8

/- o
: - i t Height (m)

Relative size:

AV
—=m=AV =m-Ah
Ah

d—V:m =dV =m-dh
dh

The 7'(1)=10 (liter/m) expression means, at the instant of h=1 meter, any sized change in A

will result in 10 times as much change in volume. For example, as / variable increased by 0,8
meter, V' variable will change (increase) 10 times as much of this (8 liter). At that point, we
get the expression V(1+0.8)~5+8 =13 liter.

The real value of the function at this point is 7(1.8) =16 literas can be seen on the graph.

Figure 1. The meaning of rate of change as a relative size

It should be noted here that the difference quotient in the above examples can be
interpreted as an example of an average rate of change because 0,03 or 0,8 meters are
big values of change when compared to an infinitesimal change. Additionally, the above
examples show that the derivative value at a particular point can be used to guess the
approximate value of the function around the given point which is covered with the
“linear approximation” topic in calculus textbooks (see Figure 2).

549 Sakarya University Journal of Education



Mahmut KERTIL
. ______________________________________________________________________________________________________________________________________________|

Linear Approximation: L(x)~ f(x,)+ /' (x,) - (x —x,) = f(x,) + ' (x,) - Ax
We know that the derivative of ¥(%)=3/i" function at the point =1 is ¥7'(1)=10. The equation
tangent line drawn at that point is;
L(h)=10A-5

L(h) is the linear approximation function that can be used to calculate the approximate values of
V(h) around hr =1.
For example, the approximate value of ¥ (1+0,8) =F(1,8) can be calculated by using L(%) as follows:

L) =V (h)+V' (k) Ak
LA+0.8)=V1)+V'(1)-0,8
L(L8) ~»V(1,8)~5+10-0,8=13

Figure 2. Relating the relative size interpretation of derivative with linear approximation

The interpretations of derivative (or rate of change) in economic contexts as a marginal
cost (change in total cost for producing one additional product) or marginal revenue are
examples of the linear approximation idea and so they involve margin of errors. Some
verbal expressions used for interpreting derivative as a rate of change like “change in
volume per unit height” or “speed is the distance covered per unit time” also involve
relative-size idea, but they form a special case of relative size as the change in the
independent variable is fixed to one unit. Therefore, although verbal expressions like
“change in volume per unit height” are powerful ideas for the rate of change, because of a
chunky way of thinking they may result in the misconception that rate of change is an
amount of change in the dependent variable (Cooney et al., 2010).

Why is covariational reasoning important?

Many research studies reported the need for covariational reasoning ability for
conceptual understanding of derivative as a rate of change, difference quotient, slope,
speed, or relative size (e.g., Carlson et al.,, 2002; Confrey & Smith, 1994; Kertil, 2020;
Thompson, 1994; Thompson & Carlson, 2017). Covariational reasoning entails being
able to see and coordinate the changes in two simultaneously changing quantities at the
same time. In the study by Kertil and colleagues (2019), it is reported a bidirectional
relationship between covariational reasoning ability and a robust conception of the rate
of change. Besides, many studies reported a lack of covariational reasoning abilities as
being one of the main sources of student and teacher difficulties with the concept of rate
of change (Byerley & Thompson, 2017; Thompson, 1994; Thompson et al., 2017;
Zandieh & Knapp, 2006).

According to the updated version of the covariational reasoning framework by
Thompson and Carlson (2017), the upper levels of covariational reasoning have been
labeled as chunky continuous covariation and smooth continuous covariation
respectively. Chunky continuous covariation indicates an emphasis on the discrete
nature of the changes in the independent variable, while smooth continuous covariation
indicates focusing on the dynamic and continuous changes without a need for dividing
into intervals. As an example, for a vehicle with a 100 km/hour speed, thinking the
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distance covered for every 1 hour will be 100 km, or for every 2 hours the distance will
be 200 km is an example of a chunky way of covariational reasoning. For the same
situation, thinking the speed of the vehicle in a way that for any sized time interval (e.g.,
for every 0,005 seconds or for every 2 minutes), change in the distance will differ, but
the speed as a rate of change will remain constant indicating a relative size between
changes in two quantities involves a smooth continuous covariational reasoning.
Moreover, in a volume-height context, for example, the interpretation that “change in
volume per unit volume” involves a chunky way of covariational reasoning in nature as
the changes in height is fixed to 1 unit. Smooth continuous covariational reasoning
requires being able to see the rate of change as relative size (the volume will change as x
(relative size) times as much for any sized change in height). Therefore, for a robust
conception of the derivative as a rate of change, high levels of covariational reasoning
abilities are required.

To sum up, to foster students’ understanding of the derivative as a rate of change and as
a new quantity, the theory of quantitative reasoning points out the necessity of
emphasizing the quantities involved in the derivative as a rate of change across different
real-life contexts. To do this, the first issue that should be considered is the diversity of
real-life contexts (Byerley & Thompson, 2017; Jones, 2017; Mkhatshwa, 2018). Secondly,
the use of quantities with their units and in-depth interpretations of them are required
(Thompson, 1994). And thirdly, to foster students developing the idea of the rate of
change as a new and abstract quantity obtained from the quantities that change
together, there is a need for an emphasis on covariational reasoning and the idea of
relative size (Byerley & Thompson, 2017).

3. TEACHING AND LEARNING OF RATE OF CHANGE: LITERATURE REVIEW

The review of the literature shows some major problems with the understanding of the
rate of change, and some common student and teacher difficulties have been reported in
giving meaning to the rate of change in different real-life contexts (Byerley, 2019;
Byerley & Thompson, 2017; Gravemeijer & Doorman, 1999; Herbert & Pierce, 2012;
Mkhatshwa, 2016; Mkhatshwa & Doerr, 2018). Conceiving rate of change as an amount
of change in one quantity is one of the most frequently reported findings in the literature
(Byerley & Thompson, 2017; Jones, 2017; Kertil, 2014; Lobato et al.,, 2012; Rowland &

Jovanoski, 2004; Thompson, 1994). For example, let’s consider f)=v
water (in milliliters) in a bottle filled with a constant flow rate as a function of time (in
seconds). In this context, for the question asking about the meaning of the symbolic

is the volume of

Ef(3): f'(3)=0,2
expression dt in the given context, the way of thinking like “the volume

of water increased by 0,2 milliliters at the 3 second” is an example of considering
derivative as an amount of change. This is a typical answer provided by students about
the contextual meaning of the derivative at a point (Bingolbali, 2008; Kertil, 2014;
Thompson, 1994).
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Students also have difficulties in conceiving speed as a rate of change in motion context,
they consider it as an amount of distance covered in 1 hour (Kertil, 2014; Thompson,
1994). Similarly, Mkhatshwa (2018) reported that calculus students studying at the
business major department regarded marginal cost (or marginal revenue)
interpretations of the derivative as an amount of change in the dependent variable.
According to Cooney and others (2010), this is the result of a commonly used practice in
curricular documents that focus on the changes in the dependent variable for a fixed (1
unit) amount of change in the independent variable. As an example, although
considering the speed concept as “distance covered in 1 hour” or marginal cost concept
as “change in total cost for producing 1 additional product” is not wrong, this way of
thinking may prevent students from conceptualizing the derivative as a rate of change.
Besides, because this way of thinking is discrete and chunky (how much change occurs
in the dependent variable for a fixed (1 unit) amount of change in the independent
variable), it does not support the idea of rate (Thompson, 1994). In other words, for a
Ay
quotient AX | if we keep the changes in x constant with 1 unit ( AX :1), then we will get
Ay

the same numerical value for the quotient AX and for the amount of change in y (Ay)
even if their units are not the same. To overcome this situation, Cooney and others
(2010) offer instead of keeping the changes in the independent variable constant with 1
unit, using unequal amounts of changes to force students for proportional reasoning.

Another difficulty with the understanding of “rate of change” may be lexical which is
related to the language used for it (e.g., Bezuidenhout, 1998; de Beer et al., 2015; White
& Mitchelmore, 1996). Many research studies have reported that students did some
irrelevant operations like taking the average of a function in an interval when they were
asked to find the average rate of change of the function. This result has also been
reported for Turkish students (Bingolbali, 2008; Kertil, 2014; Kertil et al, 2017).
According to White and Mitchelmore (1996), student difficulties in explaining for which
dy

quantities the symbols in the dX expression stand for may be one of the reasons for the
language difficulties with the rate of change. Difficulty in giving meaning to the “rate of
change” term in different languages may indicate a lexical difficulty as well as it may also
be related to the lack of emphasis on this concept in curricular materials like textbooks
(Bingolbali, 2008).

On the other side, insufficient emphasis on the rate of change concept in curricular
documents generally limited with the motion context has been a commonly reported
finding (Berry & Nyman, 2003; Jones, 2017; Doorman & Gravemeijer, 2009; Weber &
Dorko, 2014). An overuse of motion context in the teaching of derivative results in
student difficulties in giving meaning to this concept in different real-life contexts
(Bektash & Cakmakli, 2011; Berry & Nyman, 2003; Jones, 2017; Mkhatshwa, 2016, 2018;
MKkhatshwa & Doerr, 2018; Wilhelm & Confrey, 2003; Zandieh & Knapp, 2006). Besides,
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because students become familiar with the speed concept from many earlier grades,
they do not need in-depth thinking on it and so they miss the idea of the rate of change
(Bezuidenhout, 1998; Thompson, 1994). Research studies also report some other
student difficulties such as interpreting the rate of change in the real-life contexts
involving decreasing functions with negative rates (Arlebick et al, 2013; Arlebick &
Doerr, 2018) and interpreting the rate of change in exponential situations (Confrey &
Smith, 1994; Ellis et al., 2015; Stroup, 2002).

4. METHODOLOGY

In the current study, while analyzing the mathematics textbooks, we used document
analysis which is one of the qualitative research methods. The document analysis
method involves analyzing the content of the documents involving information about
the topic of interest (Yildirim & Simsek, 2011). Textbooks, as being an important guide
for teachers, always are important curricular documents worth investigating.

Selection of the mathematics textbooks as data sources

Derivative topic is a 12t class-level learning sub-domain of algebra involved in the 9-12
Mathematics Curriculum in Turkey. As we focused on the rate of change interpretation
of the derivative, 12th-grade mathematics textbooks were selected for analysis. We found
three mathematics textbooks in total have been approved by the Board of Education
(TTKB) and still are being thought in high schools following the Ministry of Education
(MEB) curricula. So, we analyzed the following three textbooks.

e Textkook-1 (Kemanci, Bliyiikokutan, Celik ve Kemanci, 2020),
e Textbook-2 (Emin, Gerboga, Glines ve Kayacier, 2020),
o Textbook-3 (Altun, 2018).

According to the MEB (2018) 9-12 mathematics curricula, the derivative learning
domain consist of (i) limits and continuity, (ii) rate of change and derivative, and (iii)
applications of derivative sub-topics. As the rate of change interpretation of the
derivative was focused in this study, the “limits and continuity” sub-topic was not
considered for analysis.

Data analysis

From the quantitative reasoning perspective, for the coverage of derivative as a rate of
change in the mathematics textbooks, (i) diversity of real-life contexts (ii) the usage of
the quantities with their units and making interpretations (iii) the idea of covariation
and (iv) the idea of relative-size have been determined as the themes of analysis.

(i) Context diversity: Under this theme, the variety of the real-life contexts (e.g.,
kinematics, economics, area-volume, etc.) used in the textbooks have been
analyzed.
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(i)

(iii)

(iv)

Using and interpreting units: Under this theme, we analyzed if the textbooks
provided explanations for the “average” or “instantaneous” rate of change or
not, and if they provided explanations, how they interpreted them with the units
of quantities.

The idea of covariation: Under this theme, it was analyzed that if the
simultaneous change in two quantities was emphasized or not in the examples
or interpretations on the rate of change. For leading students into the
simultaneous changes in two quantities, the usage of situations involving
dynamically changing quantities other than “time” that can be directly
observable has been suggested. For example, the idea of covariation is not
obvious in “distance as a function of time” since “time” is an abstract quantity.
Volume as a function of height in a filling water context, on the other hand, the
idea of covariation is more apparent as both quantities are directly and
dynamically observable, so it has a higher potential to lead students into
covariational reasoning. In the current study, the examples, questions, activities,
and assessment questions used in the textbooks have been analyzed in terms of
emphasizing the idea of covariation directly or their potentials to direct
students to covariational reasoning. We also analyzed, to what extent the idea of
covariation was emphasized in the contexts involving time as an independent
variable.

The idea of relative-size: Under this theme, we analyzed if the derivative as a rate
of change was emphasized or interpreted as a relative-size (for any sized change
in the independent variable will result in a change in the dependent variable as
how many times as much) with the idea of linear approximation or not.

5. FINDINGS

The findings obtained from the analysis of three textbooks are reported under the sub-
titles of (i) context diversity, (ii) Usage of units and interpreting with them, and (iii)
covariation and relative size ideas.

Context diversity

For the context diversity, the exercises, tasks and activities, projects, and end-of-unit
assessment items including the lecturing parts covered in each of the textbooks were
analyzed in terms of the contexts presented. The frequency of context-free contents,
totally presented in symbolic (algebraic) forms, have also been included in the table.
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Table 1

Analysis of the textbooks in terms of the context diversity used for derivative topic

Textbook-1 Textbook-2 Textbook-3
f (%) f (%) f (%)

Motion context (Kinematics) 12 (7,5%) 12 (6%) 9 (5%)
Slope of tangent line 10 (6%) 13 (6%) 8 (4,5%)
Economics (profit-loss, cost) 3 (2%) 5(2,5%) 1 (0,6%)
Population 1 (0,6%) - -
Length-area-volume 10 (6%) 15 (7,3%) 17 (9,4%)
Context-free 125(78%) 160 (78%) 146 (81%)
Total 161 (100%) 205 (100%) 181 (100%)

Note: All the content including end-of-unit assessment questions was considered for
analysis.

In three of the textbooks, for the content of the derivative topic, an overuse of context-
free elements and materials (purely algebraic exercises or activities without a real-life
context) is observable. The rate of change interpretation of the derivative is generally
introduced in motion context using the speed or acceleration concepts. The slope of
tangent line supported with algebraic and graphical representation is the other
frequently emphasized interpretation. Non-motion real-life contexts are seldomly used
for exemplifying and interpreting the derivative as a rate of change. Economy and
length-area-volume contexts are commonly used under the “application of derivative”
sub-topic in the form of optimization problems. However, in the optimization problems,
rather than interpreting the meaning of what the derivative is, the focus is more on
procedural applications such as finding the critical points, max-min points, inflection
point, and determining the intervals in which the function increases or decreases.
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g R Degisim Oram
Bir futbolcu belli bir agiyla topa

dikey yonli hizi 20 m/sn. ola-
cak gekilde vurmustur. Topun t
saniye sonraki yerden yiksekligi

>

Yanda dodrusal olarak hareket eden bir ha-
reketliye ait konum-zaman grafigi verilmigtir.
Bu hareketlinin t,. ve t. saniyeler arasinda

x konum (metre)
x(t)

h(t)=20t—5t2 fonksiyvonu il x(1) ortalama hizi; bu hareketlinin konumundaki
0 @ 5 "0 .s,yo e degigiminin, zamandaki degisime orani ile
modellenmistir. Ornegin topun hesaplanir.
x(tg)

birinci saniyedeki yerden yiiksekligi
h(1)=20-1-5-12=15m ve
ikinci saniyedeki yerden ylksekligi

tzaman (saniye)

- 2
h(2)=20-2-5-2°=20 m olur. ¥ V,q. bu hareketiinin t,. ve t. saniyeler arasindaki ortalama hizi

Gorsel 5.5: Futbolcu
v Ax , konumdaki degigimi

Ax : Toplam yol

At : Toplam zaman

olmak tizere

topun birinci ve ikinci saniye araligindaki ortalama dikey yonla hizt

v At , zamandaki degisimi olmak (zere ortalama hiz
_ Ax _ x(1)=x(ty)
Vo = at= 1, olur.
Burada Ax, x bagimh (t ye bagh) dediskenin degisimidir.

Vort = %xf ile bulunur. At, t bagimsiz degiskenin dedigimidir.

Buna gére V,,, = % ifadesine degigim orani denir.

Buradan Von = % = % = 201;15 =5 m/sn. olur.

Figure 3. An introduction to the rate of Figure 4. An introduction to the rate of
change interpretation of derivative in change interpretation of derivative in
Textbook-1 (p. 266) Textbook-2 (p. 213)

As seen in Figure 3 and Figure 4, the rate of change interpretation of derivative is started
with the “average speed” concept. In both textbooks. In Textbook-1, the kinematic
context is frequently used in most of the exercises. Looking at the end of unit assessment
questions, we observed that three items from the economy context (marginal cost,
marginal revenue, and marginal profit) were used for the rate of change interpretation
of derivative. However, in the lecturing part of the textbook content, we could not see
any task, activity, or exercise provided as an example for interpreting the rate of change
in a context from the economy. In Textbook-2, on the other hand, we could not observe
the usage of any other real-life context other than motion as an example for the rate of
change.

5.2.1. Tiirev Kavrami ‘. Ornek
.@ Bir hareketlinin t saatte aldigi yol (km), s(1) = 40t+1° fonksiyonu ile veriliyor. Bu hareketiinin 5.

saatteki anlik hizini bulalim.
y = f(x) fonksiyonunun degisim miktarini Ay , x in degisim

miktanini Ax ile gosterelim. Sekilde & /I Cozim
Ax=x;—x ve Ay=y,—y olmak izere
! s Hareketlnin [, tz] zaman araligindaki ortalama hizi,

A
m=tana = =y oranina degigim orani denir.

Ax _ Sltz)—s(ty)

i o ==,y formiidile Omegin t inin [3, 5] ar i ortalama hizi,
Diger taraftan Ay = f(x+ Ax)— f(x) oldugundan degigim ) % % X s(5)-s(3) (40-5+5%)-(40-3+3%)
m=—fp—3 = 3 =48 km/sa.
Ay _f(x+AX)-f(x) XHox
o T E tir. |5.7] araligindaki ortalama hizi,
s(7)-s(5) 7+7%) ?
Vo= (7)-s(5) _(40.7+7°)-(40 5'5]:52km/sa,o\ur

7-5 2

Figure 5. An introduction to the rate of change in Textbook-3 (p. 179-180)

In Textbook-3, the rate of change interpretation of the derivative is first introduced by
slope and difference quotient supported with a graphical representation without using
any real-life context. Right after, an exercise from kinematic context is provided. In the
following exercises, a context from the economy was used only once in an example
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asking about the fuel consumption as a function of distance covered. All in all, for three
of the textbooks, it is difficult to say that the context diversity concerning the derivative
as a rate of change is good enough.

Usage of the units and interpreting with them

As we checked out the explanations in lecturing parts or the solutions of the exercises,
we focused on all of the content excluding end-of-unit questions.

Table 2

Usage of units and interpreting with them across the textbooks

Textbook-1 Textbook-2 Textbook-3
(n=6) f (%) (n=14) f (%) (n=11) f (%)
Complete and proper 6 (100%) 12 (86%) 8 (73%)
use of the units
In-depth interpretations 1 (17%) 2 (14%) 2 (18%)
by using the units
Improper use or non- - 2 (14%) 3(27%)
use of the units
Total 6 (100%) 14 (100%) 11 (100%)

Note: For this part, end-of-unit assessment questions are excluded.

In three of the textbooks, usually, the units of quantities are properly used in the
contextual tasks and materials, but a lack of in-depth interpretations is observable. In all
of the textbooks, the units are properly and completely used in the contextual tasks or
exercises involving speed or acceleration concepts. However, improper or incomplete
usage of the units is observed in some of the optimization problems. In-depth verbal
interpretations on the meaning of rate of change are seldomly observed in all of the
textbooks, generally limited with the kinematic context in the parts where the rate of
change concept was first introduced. In three of the textbooks, for a vehicle with a speed
of 40km/h, for instance, in-depth interpretation on the meaning of this numerical value
as a verbal expression of rate of change with the quantities involved and their units is
not emphasized enough. There is no detailed explanation on the meaning of 40 km/h
speed for a moving vehicle, for example, provided with the examples of guessing the
approximate distance covered by it, for example, in 1 second or in 5 seconds.
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‘. Ornek

Bir hareketlinin x km yol gidebilmek igin toplam yakit gideri P(x)= 5+ 2x+0,1x* (TL) ifadesi ile
veriliyor.

a) Gidilen yol 100 km den 200 km ye yikseldiginde giderdeki degdisimi,

b) Gidilen yolun bu degisimi igin giderdeki ortalama degisim oranmini,

c) 200 km yol alindid1 anda giderdeki anhk degisim oranini bulalim.

2 Cozim

a) P(200)-P(100)=5+2-200+ 0,1-:200° —(5 + 2-100 + 0,1-100°) = 4405 — 1205 = 3200 TL
P(200)—-P(100) 3200
T 200-100 100
L P(200+ h)=P(200)

c) Anlik degisim orani = !‘I[I';f

~ 542(200+h)+0,1-(200 + h = {5 + 2-200 + 0, 1- 200%)

b) Ortalama degisim orani = 32

= lim h
h=0
42h +0,1-h?
- Iimf= lim{42 +0,1h) = 42 olur.
h=0 h=l

Figure 6. A sample exercise with its solution used in Textbook-3

In the exercise from Textbook-3 in Figure 6, it was asked to find the average and
instantaneous rate of change in the cost of fuel conception of moving vehicle as a
function of distance covered. As seen in Figure 6, the numerical values are computed for
average and instantaneous rate of change, for b and c parts of the exercise respectively,
but the units are not emphasized. Although the above exercise has the potential to be a
good example of non-kinematic context for the rate of change, the absence of units
(TL/km) and lack of in-depth interpretation of their meaning is the critical matter. In
part-c, for example, the numerical value (42 TL/km) of the instantaneous rate of change
in the cost of fuel consumption is computed. But there are no interpretations like “at the
instant of 200th kilometer, as the vehicle goes 1 more kilometer, an extra cost of fuel
consumption will be about 42 TL”. This situation, as relative size, can be expressed as
“beginning from the 200th kilometer, the cost of the fuel consumption will be 42 times as
much of the distance covered”. An extra 42 TL increase in the cost of fuel consumption
per kilometer of distance covered can not be possible in reality. In-depth interpretations
of the rate of change in the given contexts will also help students to understand the
authenticity of the given set-up context as observed in the exercise provided in Figure 6.
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[ ornex [} G i )
Tuvalin alani 5000 cm” olacagindan
Resim dgretmeni Asli Hanim, galistidi ilcedeki resim dgret- tuvalin boyu x cm ise eni 2200 cm
calig X
menleri ile birlikte 3 Aralik Diinya Engelliler Giind igin bir pro- Engel vél K, 5000 _, 5000  olur. Budurumda resim alani Aise
je hazirlamiglardir. Geliri ile ilgedeki intiyag sahibi 6grencilere * * A=(x=8)(5%90 _4) cm?
tekerlekli sandalye alinmasi amaglanan bu proje “Engel Yok, e I r var! Ho0is.
: A % v =5032—4x— em? olur.
Renkler Var!" adli bir resim sergisi olarak planlanmigtir. 3 ARALIK DINYA ENGELLILER GIN) *
Sergilenecek resimler, alani yarim metrekare olan dik- o7y
dortgen bigimindeki tuvallere sekildeki gibi yanlanndan Buna gore resim alan f(x) = 5032 - 4x~ 4209 fonksiyony ile ifade edilirse resim alaninin en
dorder cm, alt ve Gst kisimlarindan ikiser cm bosluk bira- byt olmasi igin f(x) = 5032 — 4x — 40000 degeri
kilarak yapilacaktir.
10 = 5032 4x — 40000 , ') 4 + 40000
A§Il Hanim, r.esm yapa_cagl yuze_yl.n en bilylk a'lana sa- o0 dR -
hip olmasini istemektedir. Bunun igin Asli Hanim'in sege- x2
cegi tuvalin eninin ve boyunun kag cm olmasi gerektigini x |-~ 100 0 100 =
e f(x)=0=40000-4x"=0 ve X #0 | — =
> x%=10000 ve x # 0 (Paydada cift kat kok) 10| ~ ||~
=(x=—100 veya x = 100) ve x # 0 olur. i s
f(x) fonksiyonunun tarevinin isaret tablosu 1(x) i i degerini
x =100 igin aldigi gorolar.
x=100 5900 _ 5000 _ 55 olyr.
Bu durumda Asli Hanim'in segecedi tuvalin alaninin en blytk olmasi igin tuvalin eni ve boyu
sirastyla 50 cm ve 100 cm olmalidir.

Figure 7. An exercise with its solution used in Textbook-2 (p. 280).

Especially, in the optimization problems frequently used in the applications of derivative
sub-domain, the usage of units for derivative functions barely appear in any of the
exercises or tasks. In Figure 7, an optimization problem on finding the dimensions of a
canvas to maximize its area. In the example above, although the area of canvas is
provided as a function of its outer length, the units of the derivative function are not
written and there is no interpretation of its meaning. This is a common situation in three
of the textbooks. Even though in-depth interpretations on the meaning of derivative are
not a requirement in optimization problems, the contexts in these problems can be seen
as an opportunity for emphasizing the meaning of the derivative in different contexts. In
the optimization problems, procedures like taking the first derivative for finding the
critical points are the primary focus. There are no interpretations about the meaning of
derivative in general or what the zero as the value of derivative means in the given
context.

Covariation and relative size ideas

The descriptive frequencies of covariation and relative size ideas that appeared in the
exercises, activities, and end-of-unit assessment questions used in the textbooks are
presented in Table 3.
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Table 3.

Covariation and relative size ideas related to derivative in three of the textbooks

Textbook-1 Textbook-2 Textbook-3

(n=26) (n=32) (n=27)
Potential 9 (35%) 12 (38%) 13 (48%)
The idea of content
covariation Interpretation 0 0 1 (4%)
The idea of relative- 0 0 0
size
Total 26 (100%) 32 (100%) 27 (100%)

Note: Content involving a real-life context including end of the unit questions was
considered

As seen in Table 3, the contents of the three textbooks are weak in terms of emphasizing
and interpreting the ideas of covariation and relative size. In Textbook-3, the idea of
covariation is emphasized in only one exercise from motion context in which the values
of distance and time quantities are given as tabular data, and the idea of instantaneous
rate of change is related to radar. Again in Textbook-3, in an example using the context
of the cost of fuel consumption as a function distance (see Figure 6), the covariation and
relative size ideas were not emphasized or elaborated even though the given non-
kinematic context was more appropriate to do it.

In three of the textbooks, some contents have the potential to support the idea of
covariation. However, it is observable that most of these contents appear in the
applications of the derivative part (optimization and max-min problems). As indicated
previously, in optimization problems, derivative is generally used procedurally
(equating the derivative function to zero for finding the critical points, analyzing the sign
of the second derivative, etc.), without any interpretations on its meaning in the given
context. Therefore, the opportunity of fostering covariation and relative size ideas are
missed in the contexts used in the optimization problems, without a time variable, such
as area as a function of length, volume as a function of height, and total profit as a
function of ticket sold. Indeed, the dynamic animations of the contexts like area or
volume of a geometric figure or solid as function of its length of a dimension can easily
be constructed in dynamic geometry programs such as Geogebra, Geometry Sketchpad,
Cabri, or Desmos. These animations may foster the idea of covariation (showing the
dynamic nature of simultaneous changes in two quantities) as well as they can
contribute to the idea of function as a dynamic change and the idea of the rate of change
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as relative size. One of the exercises carrying out a dynamic animation potential is
presented in Figure 8 below.

orex [[]

Bir kisi evinin bahgesi icin aldigi 16 metre tel ile gekil-
deki gibi bir tarafi duvar olan dikddrtgen bigimde bir
kiimes yapacaktir. Bu kimesin alaninin en fazla kag x4
metrekare olacagini bulunuz.

1AB|=y metre ve |AD|=|BC|=x metre olsun.
Budurumda 2x+y = 16 m olur

*2 A(ABCD)=xy
=x-(16-2x) (y=16-2x)
=16x=2x" m’ olur.

Bu durumda ABCD dikdértgeninin alani f(x)= 16x—2x"_fonksiyonu ile ifade edilirse ABCD dik-
dortgeninin alaninin en gok olmasi igin f(x)= 16x—2x> fonksiyonunun maksimum degeri bu-

Q
§
Q
lunmalidir.
()= 16x=2x" = (x)= 16 = 4x_olur. x |-
) v

f'(x)=0=16-4x=0 LY
*x=4 olur 1w | TN

maks.

f(x) fonksiyonunun tirevinin isaret tablosu incelenirse fonksiyonun maksimum degerini x =4
igin aldigi gorolor. Bu durumda fonksiyonun maksimum degeri f(4) olup bu deger

f(4)=16-4-2-47
=32 olur.
O halde kimesin alani en fazla 32 metrekare bulunur.

Figure 8. An exercise from area-length context used in Textbook-2 (p. 276)

In the exercise provided in Figure 8, in addition to the algebraic equation for A(x), the
dynamic and simultaneous changes in length (x) and area (A(x)) quantities with tabular
data can be observed within a dynamic geometry environment. Further to that, here an
emphasis on the verbal interpretation that “for any sized change in the length of its short
side, the area of the rectangle will change how many times as much” may contribute to
students’ understanding of the derivative as relative size (and smooth covariation).
Similarly, the interpretations like “change in area per unit change in the length” may also
contribute to students giving meaning to the derivative even though it involves a chunky
way of covariational reasoning.

6. DISCUSSION AND CONCLUSION

As pointed out in the literature review part, derivative and its rate of change
interpretation form a basis for further calculus concepts. Because of its extensive usage
area, a robust understanding of the derivative is not only important for the
understanding of further calculus concepts but also critical for students’ mathematical
literacy. However, from past to present, some common student and teacher difficulties
related to the understanding of the derivative have been reported (e.g., Berry & Nyman,
2003; Bezuidenhout, 1998; Byerley & Thompson, 2017; Gokcek & Acikyildiz, 2016;
Herbert & Pierce, 2011; Mkhatshwa & Doerr, 2018). The concept of derivative, from the
quantitative reasoning perspective, has been defined as “a new quantity obtained as a
result of multiplicative comparison of the changes in two quantities”, and this perspective
indicates the importance of giving meaning to derivative in different real-life contexts as
a quantity (Thompson, 1994; 2011). In this study, initially, the meaning of derivative has
been analyzed from the quantitative reasoning perspective. Later on, we analyzed the
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mathematics textbooks still being thought in Turkey, by using the principles derived
from quantiative reasoning theory which are; (i) context diversity, (ii) usage of units and
interpreting with them, (iii) covariation, and (iv) relative size.

In all of the textbooks, it was observed that kinematic contexts were frequently used in
the content involving exercises, activities, and assessment questions, but economy or
non-temporal contexts in which “time” does not appear as a variable were scarcely used
(see Table 1). Even, content without a real-life context (context-free) requiring only
procedural and algebraic operations was predominantly used in three of the textbooks.
Contexts like length-area-volume are frequently used in optimization problems (in
applications of the derivative part) but without in-depth interpretations of the meaning
of derivative. Therefore, we can conclude that the derivative concept was introduced
limited with the kinematic context. This finding is not only special to Turkey, but also
the overuse of kinematic context in the curricular materials related to the derivative
topic has also been reported in many international studies (e.g., Byerley & Thompson,
2017; Jones, 2017; Mkhatshwa & Doerr, 2018; Weber & Dorko, 2014). This study
confirms the same problem with the Turkish mathematics textbooks.

Looking at the usage of the units, in three of the textbooks, units are properly used but
there is not enough emphasis on in-depth interpretations on the rate of change by using
the units of quantities. The review of literature also points out that an insufficient
emphasis on the idea of covariation in curricular materials is one of the reasons for
student and teacher difficulties with the concept of derivative (e.g., Carlson et al., 2002;
Thompson & Carlson, 2017; Cooney et al., 2010; Castillo-Garsow, 2012; Byerley &
Thompson, 2017; Thompson, 1994). In the current study, there is no emphasis on
covariation and relative-size ideas too in the textbooks analyzed. Although there are
some exercises from different non-temporal real-life contexts in which dynamic changes
can be directly observable and so having a great potential to foster the idea of
covariation, these contexts generally appear in optimization problems. However, there is
no interpretation about the meaning of the derivative in the optimization problems, only
the procedures such as equating the derivative function to zero to find the critical and
max-min points are observable. As indicated previously, not focusing on the meaning of
the derivative in different contexts used in the optimization problems can be seen as a
missed opportunity. Yet, derivative and rate of change will gain a different meaning and
identity for students in every distinct real-life context. For example, the derivative will
be called as flow rate for the amount of water in a draining dam as a function of time
context; it will be acceleration for a speed as a function of time context; it will be called
as marginal cost in total cost as a function of product context; it will be a cross-sectional
area for a volume of water as a function of height in a filling-tank context. Indeed, the
concept of rate of change gains different meanings in each context even though all they
involve the rate of change interpretation of derivative. Therefore, it is critical to provide
students with exeriences in interpreting the derivative as a rate of change in different
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contexts to increase their awareness about diverse meanings which is emphasized by
the theory of quantitative reasoning.

Any interpretations emphasizing the relative size idea of the rate of change is another
lacking point in three of the textbooks. The rate of change interpretation of derivative as
relative size is important in terms of conceiving derivative as a rate in different real-life
contexts (Byerley & Thompson, 2017). This is because, conceiving the derivative as an
amount of change in one quantity is a common student misconception reported in many
studies (e.g., Byerley & Thompson, 2017; Mkhatshwa & Doerr, 2018; Rowland &
Javanoski, 2004; Thompson, 1994). Applications involving linear approximation should
be used more frequently for fostering the relative size idea of the derivative. Besides,
verbal interpretations like “distance covered per unit time”, or “cost for producing one
additional product” can be emphasized by associating with the linear approximation
method. But, it should not be forgotten here that, thinking by keeping the changes in the
independent variable by 1 unit may result in conceiving the derivative as an amount of
Ay
change in the dependent variable (because AX and Ay will take the same numerical

value when AX :1) (Cooney et al, 2010; Mkhatshwa, 2018). So, applications and
practices on, for example, interpreting the meaning of derivative at a point in terms of
the quantities involved and guessing the approximate value of the function around that
point by using the derivative value (i.e.,, what would happen to the value of function if
the independent variable changes with 0,0002 units) may contribute to the idea of
relative-size. Moreover, discussing the meaning of marginal cost, for example, in terms
of the infinitesimal change in the independent variable may increase students’
awareness about some problematic aspects of the interpretations of the derivative in
different fields (Mkhatshwa, 2018; Mkhatshwa & Doerr, 2018).

Consequently, although the rate of change meaning of derivative was covered in the
textbooks, it is generally limited with the kinematic context and there are no in-depth
interpretations. More frequent usage of contextual content is an obvious necessity in
which “time” is not used as an independent variable and has the potential to reveal
dynamic and simultaneous changes in two quantities to foster the idea of covariation.
Showing the dynamic animations of simultaneous change in two quantities may help
students to focus on covariational reasoning (Kertil, 2020). The learning activities
prepared by using the dynamic geometry software can be used as an opportunity for
this. Besides, the idea of relative size should be supported with the covariation and
linear approximation practices within different contexts.
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1. GIRIS

Tiirev kavrami analizin en temel kavramlarindan birisi olup 6n bilgi olarak oran, egim ve
limit gibi temel bircok matematiksel kavramlarin iyi anlasilmasimi gerektirmektedir.
Degisim orani (hizi) tiirevin gercek hayat baglamlarindaki en kapsamli yorumunu teskil
etmekle birlikte, ©6grenci ve hatta Ogretmenlerin zorlandigi bir kavramdir
(Bezuidenhout, 1998; Byerley ve Thompson, 2017; Byerley, 2019; Bingolbali, 2008;
Herbert ve Pierce, 2011, 2012). Tirev ve degisim orani yorumuna yonelik 68renci ve
O0gretmen zorluklarinin en temel sebeplerinden birisi olarak ders kitaplarindaki
yetersizlik gosterilmektedir (Bingolbali, 2008; Byerley ve Thompson, 2017; Mkhatshwa,
2016; Mkhatshwa ve Doerr, 2018; Teuscher ve Reys, 2012).

Ogretmen pratiklerini yénlendiren en onemli kaynaklardan biri olan ders kitaplari,
Ogretim programinin bir yorumlamasi oldugundan c¢esitli akademik c¢alismalara konu
olmaktadir (Bingolbali ve Bingolbali, 2020; Howson, 2013; Schmidt, 2012; Yavuz ve
Bastiirk, 2011). Ders kitaplarini inceleyen calismalar genellikle (i) kavramlarin nasil ele
alindigy, (ii) 6grenci performans beklentilerini karsilama (problem ¢6zme, iletisim vb.),
(iii) Ogretimsel Ogelerin (gorsel o0ge, tasarim, tablo, grafik kullanimi vb.)
degerlendirilmesi ve (iv) tlkeler arasi karsilastirma ¢alismalari olarak gruplandirilabilir
(Howson, 2013). Farkli gelenek ve bakis agilarinin karsilikl 6greticiligi sebebiyle, tilkeler
arast ders kitaplarin1 kiyaslama calismalarnt da yaygin calismalar olarak karsimiza
cikmaktadir (6rn. incikab1 ve Tjoe, 2013; Yavuz ve Bastiirk, 2011). Belirli bir kavramin
ders kitabinda nasil ele alindigi, kullanilan etkinlik ve problemlerin dogas1 ve ¢oklu
temsillerin kullanimi gibi boyutlarda ¢ok sayida ders kitab1 inceleme g¢alismasi
bulunmaktadir (6rn., Bingolbali ve Bingolbali, 2020; Yavuz ve Bastiirk, 2011). Fakat,
literatiirde tiirev kavramina y6nelik ders kitab1 analizi ¢alismalar1 bulunmakta birlikte
(orn., de Almeida ve da Silva, 2018; Park, 2016; Randhal ve Grevholm, 2010) 6zellikle
degisim orani kavramina odaklanan ders kitab1 analizi ¢alismasi bulunmamaktadir.
Randahl ve Grandholm (2010) tarafindan yapilan ¢alismada mihendislik 6grencilerine
okutulan kalkiiliis kitaplarinda tiirev kavraminin daha ¢ok prosediirel bilgi agirlikh
olarak ele alindigini gostermislerdir.

Tiirev kavraminin degisim orani yorumuna yonelik 6grenci ve 6gretmen zorluklarinin
temel sebeplerinden birisi olarak ders kitaplarinin goriilmesi, ulusal ve uluslararasi
literatiirde yeterince calisma bulunmamasi dolayisiyla Tiirkiye'de kullanilmakta olan
ders kitaplarinin tiirev kavramini ele almasi bakimindan analiz edilmesi arastirmaya
deger gorinmektedir (Bingolbali, 2008). Bu analiz sonucunda elde edilen bulgular daha
nitelikli ders kitaplarinin yazilmasina ve 6gretmenlerin derslerini yonlendirebilecek
daha nitelikli kaynaklarin ortaya ¢ikmasina rehberlik edebilir. Bu ¢alismada ilk olarak
tirev kavraminin degisim orani yorumunun Thompson'un (1994, 2011) nicel
muhakeme teorisi perspektifinden kavramsal analizi yapilmistir. Bu kavramsal analiz
neticesinde tiirev kavraminin 6grenimi ve ogretiminde o6nemli noktalar ve temel
prensipler belirlenmistir. Sonrasinda bu kavramsal analiz prensipleri bir teorik cerceve
olarak kullanilarak Talim Terbiye Kurulu (TTKB) tarafindan onaylanmis ve halihazirda
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Tiirkiye’de Milli Egitim Bakanligi (MEB) 6gretim programina tabi okullarda okutulan
matematik ders kitaplari tiirev konusu ile sinirli olarak incelenmistir. Bu ¢alismaya ders
kitaplarinin incelenmesi boyutunda yon veren arastirma sorulari sunlardir:

e Ders kitaplarinda tiirev kavrami ve tiirevin degisim orani (hizi) yorumu nasil ele
alinmaktadir?

e Ders kitaplarinda tiirevin degisim orani (hizi) yorumu ile ilgili ne tiir gercek
hayat baglamlarina yer verilmektedir?

Ders kitaplarinda tiirevin degisim oram (hizi) yorumuna yonelik kovaryasyon ve nispi
biiytiklik fikirleri nasil vurgulanmaktadir?

2. DEGiSIM ORANI UZERINE KAVRAMSAL BiR ANALIZ

Tiirev kavraminin anlami (i) teget dogrusunun egimi, (ii) anlik degisim orani, (iii)
lim f(x+h)—f(x)

farklarin oranimn limiti ("° h ) ve (iv) hiz olmak tizere dort farkli baglam
ve yorumlama ile sunulabilmektedir (Zandieh, 2000; Zandieh ve Knapp, 2006).
Problemin sunuldugu baglama veya kullanilan gosterimlere bagli olarak bu
yorumlamalardan bir veya birka¢i daha 6n plana c¢ikabilmektedir (Weber ve Dorko,
2014). Ornegin grafik gosterimi ile sunulan bir baglamda egim ve farklarin orani fikri 6n
planda iken, kinematik baglaminda hiz yorumu daha goriiniir olmaktadir. Bu béliimde
tiirevin degisim orani yorumunun kavramsal olarak ne anlama geldigi, saglam bir
degisim orani bilgisinin tarifi Thompson'un (1994; 2011) nicel muhakeme teorik

cercevesinden detayl olarak ag¢iklanacaktir.
Nicel Muhakeme Perspektifinden Degisim Orani Kavrami

Nicel muhakeme Thompson (1994; 2011) tarafindan gelistirilen ve gergek hayat
baglamlarinda matematiksel fikirlerinin ve kavramlarin anlamlarini derinlemesine
inceleyen bir teorik ¢ercevedir. Nicel muhakeme teorik ¢ercevesine gore, matematiksel
bir ana fikrin ger¢ek hayat baglaminda anlamlandirilmasi (i) bir cisim veya nesnenin
varligy, (ii) bu cisme ait bir ozellik, (iii) uygun bir birim ve (iii) bu 6zelligin
nicellestirilmesi (sayisal bir deger olarak ifade edilmesi) sonucunda gergeklesebilir
(Thompson, 1994). Ornegin hareket halindeki bir araci diisiinelim. Burada ara¢ bir
cisimdir. Bu cismin 6zelligi hareket etmesi, yani bir hizinin olmasidir. Aracin hizinin bir
0zellik olarak algilanmasi, bunun nicel (sayisal) bir deger olarak o6lciilebilmesi fikrini
dogurmakta olup bunun icin matematiksel islemlere gereksinim duyulmaktadir. Bu
ornekte aracin hiz 0Ozelligi bolme islemi kullanilarak farklarin orami olarak
Olctilmektedir.

Nicel muhakeme yaklasimina gore degisim oram “iki nicelikteki degisimlerin ¢arpimsal
kiyaslamasi sonucunda elde edilen yeni bir nicelik” olarak ifade edilmekte ve bu bir nicel
islem olarak adlandirilmaktadir (Thompson, 2011, s.17). Carpimsal kiyaslama (Oran)
icin ise bolme aritmetik islemi kullanilmaktadir. Bélme isleminin kullanilmasi bu
kavrami kolay hale getirmez zira bélme isleminin kullanilabilecegi binlerce farkl gercek
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hayat durumu bulunabilir. Burada temel zorluk, degisim orani fikrinin “iki degiskendeki
es zamanli degisimlerin ¢arpimsal (nispi) oran1” seklinde algilanabilmesi ve bunun i¢gin
dogru aritmetik islemin secilebilmesidir. Degisim orani iki nicelikteki degisimlerin
carpimsal kiyaslamasi sonucunda elde edildigi i¢in soyut ve dogrudan ol¢iilemeyen yeni
bir niceliktir (Schwartz, 1988). Degisim oraninin bir nicelik olarak 6lgiilebilmesi birlikte
degisen niceliklerin (nicelik-1 ve nicelik-2) degisim miktarlarinin orani alinarak dolayh
bir o6l¢lim icermektedir (Stroup, 2002; Thompson, 1994). Degisim oraninin yeni bir
nicelik olarak algilanabilmesi i¢in baslangi¢taki iki niceligin ve bu iki nicelik ile elde

)bir biitlin olarak goriildigii bir bilissel yapiya ihtiyag
vardir. Bir oOnceki Ornekte bahsettigimiz hiz kavrami, yol ve zaman nicelikleri
kullanilarak elde edilmis olan yeni ve soyut bir nicelik olup bu niceligin dogru
anlasilabilmesi bu ti¢ niceligin (Yol, Zaman, Yol/Zaman) bitiinciil olarak algilandig1 bir
bilissel yapiya sahip olmay1 gerektirmektedir (Thompson, 2011). Nicel muhakeme
yaklasimina gore giiclii bir tiirev veya degisim orani kavrami bilgisi birlikte degisen iki
niceligin degisimlerinin nispi (oransal) buyiikligi (relative size) yorumunu
gerektirmektedir (Byerley ve Thompson, 2017). Burada nispi biiytkliik birlikte degisen
iki nicelikten elde edilmis li¢lincii ve soyut niceligi temsil etmektedir. Degisim oraninin
nispi buyiiklik olarak anlami ise, bagimsiz degiskendeki herhangi bir miktar degisime
karsilik bagimli degiskendeki degisimin bunun kag kat1 olacagidir.

V (h) =5h?

edilen {liglincii niceligin (

Ornegin, bir kabin icerisindeki yiikseklige (m) bagl olarak suyun hacmini (lt)
veren bir fonksiyon olsun. V(2)=20 (It) ve Vi(h)=10h = V*(2)=20

V'(2)=20

(It/m) degerleri

elde edilmektedir. (It/m) ifadesinin nispi biiytikliik olarak anlami h=2m

aninda, yiikseklik degiskenindeki herhangi bir miktar degisimin 20 katinin hacimde

h=2m aninda, yiikseklik 0,03m degisirse (artarsa) hacmin

V(2,03) ~ 20,6

meydana gelecegidir. Yani,

0.6t degisecegi (artacagl) seklinde yorumlanir ki bu da yorumunu
beraberinde getirmektedir. Anlik degisim orani sonsuz kiiglikliikte degisimler icin

gecerli oldugundan Y (2:03)~20,6 litre V(2,03),

h=2m

sonucu in gercek degeri olmayip,

anindaki degisim orani kullanilarak elde edilmis tahmini bir degerdir. Ayni
fonksiyon tlizerinde bir baska 6rnek Sekil-1'de verilmistir.
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Hacim (litre)

3 N
0 Vil= 5

25

L{)= 10k -5
B (9/5, 16)

(9/5,13)

AV=P(1)X Ar=10x 08=8

el AT N— b Yitkseklik (m)
0.2 % 06 08 1 1.2 14 16 138 2 22 24 26

Nispi biiyiikliik:
AV
—=m=>AV =m-Ah
1

ﬂzlw:)a"Vz;*‘n-a',»’r
dh

V'(1) =10 (litre/m) ifadesinin anlami, h=1 metre oldugu anda, h’in herhangi bir miktar
degisiminin 10 kat1 kadar degisimin ¥ *de meydana gelecegidir. Ornegin h degiskeni 0.8
metre arttiginda 7 degigskeni bunun 10 kati kadar (8 litre) artacaktir. Bu durumda
V(1+0.8) =~ 5 +8=13/ifre sonucu elde edilir.

Bu noktada fonksiyonun gercek degerinin ise (1, 8) =16 /ifre oldugu grafikte gériilmektedir.

Sekil 1. Degisim oraninin “nispi biiytiklik” olarak anlami1

Yukaridaki drneklerde yiikseklikteki 0,03 veya 0,8 metrelik degisimler sonsuz kiigtik
degisimin yaninda cok biiyiik degerler oldugundan farklarin oraninin burada ortalama
degisim orani anlamina geldigi unutulmamalidir. Yine de tiirevin degisim orani yorumu
bir fonksiyonun belli bir nokta civarinda alacagi degerin yaklasik degerini hesaplamak
icin kullanilabilecegi ve bu fikrin kalkiiliis kitaplarinda dogrusal yaklasim olarak ele
alindig1 goriilmektedir (bkz. Sekil-2).
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Dogrusal yaklasim: L(x) ~ /(x,)+ /() (x=%,) = /(%) + /() Ax
V = 5h* fonksiyonun /2 = 1 noktasindaki tiirevinin 7' (1) = 10 oldugunu biliyoruz. Bu noktadan ¢izilen
teget dogrusunun denklemi,
L(h)=10h-5 Olur
L(h), h=1 civarinda V' (k) degerleri i¢in bir dogrusal yaklasim fonksiyonudur.
Ornegin, ¥(1+0.,8)=¥(1,8) *in yaklasik degeri L(k) kullanilarak asagidaki gibi hesaplanir.
L(h) =V (k) +V'(h,)-Ah
L(1+0.8)=V(1)+V'(1)-0.8
L(1,8) =7 (1,8)~ 5+10-0,8 =13 bulunur.

Sekil 2. Nispi biiytikliik fikrinin dogrusal yaklasim ile iliskilendirilmesi

Tiirevin ekonomide marjinal-maliyet (bir birim daha fazla iirtin liretmek i¢in gereken
maliyet) veya marjinal-kar gibi yorumlari, aslinda tam olarak dogrusal yaklasim fikrinin
bir uygulamasi olup, dolayisiyla hata pay1 igermektedir. Tiirevin degisim orani
yorumlamasinda yaygin olarak kullamilan “birim yiikseklikte meydana gelen hacim
degisimi” veya “birim zamanda alinan yol” gibi sozel aciklamalar nispi biiyiikliigiin
bagimsiz degiskendeki farklarini sadece 1’er birime sabitlenerek olusturulan 6zel bir
durumudur. “Birim ytikseklikteki hacim” gliglii bir fikir olmasina karsin, ayrik diisiinme
icermesinden dolay1 degisim oraninin bir tiir oran olarak degil de, bagimh degiskende
meydana gelen degisim miktar1 olarak algilanmasina sebebiyet verdigi goriilmektedir
(Cooney ve digerleri, 2010).

Kovaryasyonel diisiinme neden énemli?

Tiirev kavraminin farklarin orani, degisim orani, hiz ve hatta egim yorumlarinin nispi
biiyiikliik olarak algilanabilmesi icin ileri diizey kovaryasyonel diisiinme becerisinin
gerekliligi bircok calismada ortaya konulmaktadir (6rn., Carlson vd., 2002; Confrey ve
Smith, 1994; Kertil, 2020; Thompson, 1994; Thompson ve Carlson, 2017).
Kovaryasyonel diisiinme iki niceligin es zamanl ve dinamik degisimini ayn1 anda
gorebilme ve koordine edebilmeyi gerektirmektedir. Kertil ve arkadaslar1 da (2019) ileri
diizey kovaryasyonel diistinme becerisi ile saglam bir degisim orani bilgisi arasinda cift
yonlii bir iliski oldugunu ortaya koymaktadir. Nitekim degisim orani ile ilgili 6grenci ve
o6gretmen zorluklarinin temel kaynaginin kovaryasyonel disiinebilme yeterlikleri ile
ilgili oldugu bir¢cok arastirmada raporlanmaktadir (Byerley ve Thompson, 2017;
Thompson, 1994; Thompson vd., 2017; Zandieh ve Knapp, 2006).

Thompson ve Carlson (2017) tarafindan gelistirilen kavramsal cercevede kovaryasyonel
diisiinmenin en iist seviyeleri sirasiyla kesikli-siirekli kovaryasyon ve diizgiin (kesiksiz)
stirekli kovaryasyon olarak ifade edilmektedir. Kesikli siirekli kovaryasyon iki
degiskenin birlikte degisimi lizerine bagimsiz degiskendeki degisimi esit ve kiiciik
araliklara bolerek kesik kesik dusiinmeyi ifade ederken, diizgiin (kesiksiz) stirekli
kovaryasyon iki degiskenin birlikte degisimini kiiclik araliklara bélmeden siirekli ve
kesiksiz olarak diisiinebilmeyi ifade etmektedir. Ornegin, hiz1 100 km/saat olan bir arag
icin, her bir saatte 100 km yol alacagini veya her iki saatlik dilimlerde 200’er km yol
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alacagini diisiinmek kesikli siirekli kovaryasyonel diisiinme icermektedir. Ayni arag icin
zaman araliklan istenildigi kadar kiiciik alinsa bile (6rn. 0,005’er saniye, 2’ser dakika
vb.) yol ile zaman degiskenlerinin birlikte degisimlerinin veya degisim oranlarinin ayni
kalacaginmi1 diisiinebilme kesiksiz siirekli kovaryasyon seviyesini gostermektedir. Yine,
hacim-yiikseklik baglaminda degisim oraninin “birim yiikseklikteki hacim degisimi”
yorumu kesikli siirekli kovaryasyonel diisiinmenin bir gostergesi iken, nispi buyiikliik
yorumu (ylikseklikteki herhangi bir miktar degisimin x kat1 kadar degisimin hacimde
meydana gelecegi) siirekli dilizgiin kovaryasyonel diisiinme seviyesine Kkarsilik
gelmektedir. Degisim orani kavraminin bir degiskende meydana gelen degisim miktari
olarak algilanmasi aslinda daha diisiik seviyelerde bir kovaryasyonel diisiinme
becerisine sahip olmaktan kaynaklanmaktadir. Dolayisiyla, tiirev kavraminin degisim
orani yorumuyla birlikte dogru anlasilabilmesi i¢in ileri diizey kovaryasyonel diisiinme
becerileri 6nemli gereksinimlerden birisidir.

Genel olarak oOzetlemek gerekirse, nicel muhakame bakis acisiyla ders kitabinda,
oncelikle tlirev kavraminin, icerisinde gomiili olan degiskenlerin gercek hayat
durumunda birer nicelik olarak algilanmasini kolaylastiracak vurgulamalarin yapilmasi
gerekmektedir. Bunun i¢in de ilk olarak farkli gercek hayat baglamlarinin kullanilmasi,
yani baglam cesitliligi cok Onemlidir (Byerley ve Thompson, 2017; Jones, 2017;
Mkhatshwa, 2018). ikinci olarak, niceliklerin birimleriyle birlikte kullanilmasi ve
yorumlanmasi gereklidir (Thompson, 1994). Uciincii olarak ise degisim oranini iki farkl
nicelik ve bu niceliklerin birlikte degisimi sonucu ortaya ¢ikan ti¢iincii ve soyut nicelik
olarak yorumlamasi icin kovaryasyon (birlikte degisim) fikri ve son olarak ta nispi
biiyiikliik fikrinin vurgulanmasi gerekmektedir (Byerley ve Thompson, 2017).

3. DEGISIM ORANI (HIZI) KAVRAMININ OGRETiMi VE OGRENIMI:
LITERATUR TARAMASI

Literatiir incelendiginde, degisim orani (hizi) kavraminin anlasilmasina iliskin ciddi
problemler goriilmekte olup, 6gretmen ve 6grencilerin tiirev kavramimi farkhi gercek
hayat baglamlarinda degisim orani olarak yorumlama ve anlamlandirmada ortak bazi
zorluklar yasadiklar1 goriilmektedir (Byerley, 2019; Byerley ve Thompson, 2017;
Gravemeijer ve Doorman, 1999; Herbert ve Pierce, 2012; Mkhatshwa, 2016; Mkhatshwa
ve Doerr, 2018). ilk olarak degisim orani kavraminin bir oran olarak degil de, tek bir
nicelikte meydana gelen degisim miktar1 olarak anlasilmasi en sik raporlanan durumdur
(Byerley ve Thompson, 2017; Jones, 2017; Kertil, 2014; Lobato ve digerleri, 2012;

f(t)=V

Rowland ve Jovanoski, 2004; Thompson, 1994). Ornegin, ifadesi sabit debiyle

doldurulan bir kap igerisinde biriken suyun hacminin (ml) zamana bagh (saniye) olarak
if(3)= f'(3)=0,2
degisimini veren bir fonksiyon olsun. Bu baglamda dt sembolik
ifadesinin verilen baglamda ne anlama geldigi soruldugunda, iiciincii saniyede suyun
hacminin 0,2 mililitre degistigi (arttifl) seklindeki bir cevap tiirevin sadece hacim
degiskeninde meydana gelen “degisim miktar1” olarak yorumlandiginin bir
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gostergesidir. Bu yorum farkli gercek hayat baglamlarinda bir noktadaki tiirevin
yorumuna iliskin sorulara 6grencilerin verdigi en tipik ve yaygin cevaplardan birisidir
(Bingolbali, 2008; Kertil, 2014; Thompson, 1994). Benzer sekilde 6grencilerin hareket
baglaminda da hiz kavramin iki degiskendeki degisimlerin orani olarak algilamakta
zorlandiklari ve bir saatte alinan yol miktar1 olarak yorumlandiklari gézlemlenmektedir
(Kertil, 2014; Thompson, 1994). Yine, Mkhatshwa (2018) isletme boéliimiinde kalkiiliis
dersini alan 6grencilerle yaptig1 calismada tiirevin marjinal maliyet ve marjinal kar
anlamlarini bagimh degiskende meydana gelen degisim miktar1 olarak goérdiiklerini
raporlamistir. Cooney ve digerlerine (2010) gore, bu sorun bagimsiz degiskendeki
degisimi bir birim olarak sabitleyip bagimli degiskendeki degisme odaklanmanin
getirdigi dogal bir sonuctur. Ornegin hiz kavramin “1 saatte alinan yol miktar1” veya
benzer sekilde marjinal maliyeti “bir Uriin daha iretildiginde maliyetteki degisim”
olarak tanimlamak yanlis olmasa da tilirevin degisim orani olarak anlasilmasinin 6niinde
bir engel olusturulabilmektedir. Bu diisiinme bicimi yanlis olmamakla birlikte ayrik
diisiinme icerdiginden (bagimiz degiskendeki 1 birim degisime Kkarsilik bagimsiz
degiskenin ne kadar degistigi) degisim orani fikrini tam olarak desteklememektedir
Ay Ay
(Thompson, 1994). Yani AX oraninda AX=1olarak diistiniildiigiinde AX (oran) ile
(miktar) sonuglari birimleri ayni olmasa bile ayni niimerik degere sahip olmaktadir. Yine
Cooney ve digerleri (2010) bu durumun o6niine gecmek icin bagimsiz degiskendeki
degisimleri sistemli olarak 1 birim yapmak yerine, 6rnegin 0,2 birim, 0,003 birim, 5
birim gibi 1'den farkli degerler vererek o6grencileri orantisal diisiinmeye zorlamanin
oneminden bahsetmektedir.

Ay

Degisim orani kavraminin anlasilmasi ile ilgili bir diger zorlugun “degisim orani”
ifadesinin dil olarak anlasilmamasi ile iligkili olabilecegi raporlanmaktadir (6rn.
Bezuidenhout, 1998; de Beer vd., 2015; White ve Mitchelmore, 1996). Ogrencilere bir
fonksiyonun ortalama degisim orani soruldugunda bunun ne anlama geldigini
bilmediklerinden dolay1 fonksiyonun aritmetik ortalamasimi alma gibi baz ilgisiz
islemeler yaptig1 gorilmektedir. Bu durum Tiirkiye’de 6grenim goren 6grencilerde de
gozlemlenmistir (Bingolbali, 2008; Kertil, 2014; Kertil vd., 2017). White ve
dy
Mitchelmore’a (1996) gore ogrencilerin dX sembolik ifadesinde verilen harflerin
baglamda hangi niceliklere karsilik geldigini diisiinmemeleri bunun bir sebebi olabilir.
Farkl dillerde “degisim orani” ifadesinin dogru sekilde anlasilamamasi dil bilimsel bir
problem olabilecegi gibi, ders kitaplar1 ve diger kaynaklarda bu kavramin yeterince
vurgulanmamasinin dogal bir sonucu olarak da yorumlanabilmektedir (Bingolbali,
2008).

Ote yandan, degisim oran1 kavramin miifredat kaynaklarinda yeterince vurgulanmadig
veya sadece fizik alanindaki hareket (yol-zaman, hiz ve ivme) baglamiyla kisith olarak
ele alindig1 gozlemlenmektedir (Berry ve Nyman, 2003; Jones, 2017; Doorman ve
Gravemeijer, 2009; Weber ve Dorko, 2014). Tiirev kavraminin 6gretiminde sadece
kinematik (hareket) baglaminin kullanilmasi 6grencilerin degisim orami kavramini

Cilt: 11 e Say1: 3 » Aralik 2021 552



Tiirevin Degisim Oram (Hiz1) Yorumunun Kavramsal Analizi ve Matematik Ders Kitaplarinin incelenmesi

baska gercek hayat baglamlarinda anlamlandirmakta zorlanmalarina sebebiyet
vermektedir (Bektashh ve Cakmakli, 2011; Berry ve Nyman, 2003; Jones, 2017;
Mkhatshwa, 2016, 2018; Mkhatshwa ve Doerr, 2018; Wilhelm ve Confrey, 2003; Zandieh
ve Knapp, 2006). Ayrica Ogrencilerin erken yaslardan itibaren hiz kavramina asina
olmalar1 sebebiyle bu kavram tizerine derinlemesine diisiinme ihtiyaci hissetmemeleri
ve dolayisiyla degisim oram fikrini kacirmalar1 s6z konusudur (Bezuidenhout, 1998;
Thompson, 1994). Ayrica azalan fonksiyonlarda negatif isaretli olmasindan kaynakl
(Arlebéick vd., 2013; Arlebick ve Doerr, 2018), iistel bilyiime iceren ve dogrusal olmayan
fonksiyonlarda karsilasilan bazi problemler (Confrey ve Smith, 1994; Ellis vd., 2015;
Stroup, 2002), degisim oranina iliskin olarak literatiirde raporlanan diger bazi1 6grenci
zorluklaridir.

4, YONTEM

Bu calismada ders kitaplarinin analiz edilmesi siirecinde nitel arastirma yontemlerinden
dokiiman incelemesi yontemi kullanilmistir. Dokuman incelemesi, arastirilmasi
hedeflenen konu hakkinda bilgi iceren materyallerin analizini kapsamaktadir (Yildirim
ve Simsek, 2011). Ders kitaplari, 6gretmen ve dgrencilere rehberlik etmesi bakimindan
nitel arastirmalar agisindan her zaman incelemeye deger kaynaklardir.

Veri kaynagi olarak ders kitaplarinin secimi

Tiirev konusu ve kavrami matematik 6gretim programinda 12. sinif diizeyinde yer alan
bir alt 6grenme alanidir. Bu ¢alismada tiirev kavraminin degisim orani yorumu tlzerine
odaklanildigi i¢in dogal olarak incelenecek olan kitaplar 12. simif diizeyi matematik ders
kitaplarinin incelenmesine karar verilmistir. Halihazirda Talim Terbiye Kurulu
onayindan gecen ve su anda aktif olarak okutulmakta olan kitaplarin tamam (ii¢ ders
kitabi) incelenmektedir.

e Ders Kitabi-1 (Kemanci, Biiylikokutan, Celik ve Kemanci, 2020),
e Ders Kitabi-2 (Emin, Gerboga, Glines ve Kayacier, 2020),
e Ders Kitabi-3 (Altun, 2018).

MEB (2018) lise matematik 6gretim programinda ve ders kitaplarinda Tirev alt
6grenme alaninin (i) limit ve streklilik, (ii) anlik degisim orani ve tiirev ile (iii) tiirevin
uygulamalar1 konularindan olusmaktadir. Bu c¢alisma kapsaminda tiirev kavraminin
degisim orani yorumu iizerine odaklanildig: i¢in ders kitaplar1 incelenirken tiirev alt
6grenme alaninin ilk konusu olan “Limit ve Siireklilik” hari¢ tutulmustur.

Veri analizi

Nicel muhakeme bakis acisiyla tiirevin degisim orani yorumuna iliskin ders kitaplarinin
analizinde kullanilacak analiz temalar1 olarak (i) baglam gesitliligi, (ii) birimlerin
kullanim1 ve yorumlanmasi, (iii) kovrayasyon fikri, ve (iv) nispi biyiiklik fikri
belirlenmistir.
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(i)

(iii)

(iv)

Baglam cesitliligi: Bu analiz temasi altinda ders kitaplarinda kullanilan gercek
hayat baglamlarinin neler oldugu ve c¢esitliligi (6rn. Kinematik, ekonomi, alan-
hacim vb.) analiz edilmistir.

Birimlerin kullantimi ve yorumlanmasi: Bu tema altinda tlirev kavraminin
“ortalama” veya “anlik degisim oran1” olarak baglam icerisinde bulunan
niceliklerin birimleriyle beraber yorumlanip youmlanmadigi ve nasil
yorumlandig1 analiz edilmistir.

Kovaryasyon fikri: Bu tema altinda ders kitaplarinda yer verilen degisim orani
yorumlamalarinda iki niceligin es zamanli olarak birlikte degistigi fikrinin
(birlikte degisim) vurgulanip vurgulanmadigl analiz edilmistir. Ogrencileri iki
degiskenin birlikte, dinamik ve es zamanl degisimine (kovaryasyonel
diisinmeye) yonlendirebilmek i¢in bagimsiz degiskenin zaman olmadigy,
dogrudan dinamik olarak goézlemlenebilir olgular kullanimi 6nerilmektedir.
Ornegin, zamana bagh yol denildiginde zaman soyut bir nicelik oldugundan
kovaryasyon fikri bariz sekilde ortaya ¢ikmaz. Ancak, su ile doldurulan bir
depoda yiikseklige baglh olarak hacim dogrudan ve dinamik olarak
gozlemlenebilir oldugundan kovaryasyon fikrini daha goriiniir hale getirmekte
olup oOgrenciyi kovaryasyonel disiinmeye yonlendirme potansiyeli daha
yliksektir. Bu calisma kapsaminda incelenen ders Kkitaplarinda kullanilan
¢oziimli 6rnekler, etkinlikler ve degerlendirme sorularinda kovaryasyon fikrini
dogrudan vurgulayan veya daha asikadr yapabilme potansiyeli olan igerikler
incelenmistir. Bagimsiz degiskenin zaman oldugu iceriklerde de kovaryasyon
fikrinin yapilan yorumlamalarda vurgulanip vurgulanmadigi da incelenmistir.

Nispi biiytikliik fikri: Bu tema altinda, ders kitaplarinda bagimhi degiskendeki
degisimin bagimsiz degiskendeki degisimin ka¢ kati oldugu veya dogrusal
yaklasim fikirlerinin vurgulanip vurgulanmadigi analiz edilmistir.

5. BULGULAR

Bulgular her bir ders kitab1 i¢in (i) baglam cesitliligi, (ii) birimlerin kullanimi ve

yorumlanmasi, (iii) kovaryasyon fikri ve nispi biiytkliik fikri olmak tizere {i¢ ayr1 bashk
altinda raporlanmaktadir.

Baglam cesitliligi

Her bir ders kitabinin tiirev alt 6grenme igerikleri, konu girislerinde ders anlatiminin

yapildig1 kisimlar da dahil olmak {izere, ¢6ziimlii 6rneklerin, etkinliklerin, projelerin ve

boliim sonu degerlendirme sorularinin icerdigi baglamlar bakimindan analiz edilmistir.

Tamamen cebirsel ve herhangi bir baglam icermeyen ¢6ziimlii 6rnekler, sorular ve diger

icerikler de frekans dagilimi olarak tabloya yansitilmistir.
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Tablo 1

Ders kitaplarinda Tiirev konu igeriginin baglam cesitliligi bakimindan analizi

Ders Kitabi-1 Ders Kitabi-2 Ders Kitabi-3

f (%) f (%) f (%)
Hareket baglami (Kinematik) 12 (%7,5) 12 (%6) 9 (%5)
Teget dogrusunun egimi 10 (%6) 13 (%6) 8 (%4,5)
Ekonomi (kar-zarar, maliyet) 3 (%2) 5 (%2,5) 1 (%0,6)
Niifus-Popiilasyon 1 (%0,6) - -
Uzunluk-Alan-Hacim 10 (%6) 15 (%7,3) 17 (%9,4)
Herhangi bir baglam icermeyen 125(%78) 160 (%78) 146 (%81)
Toplam 161 (%100) 205 (%100) 181 (%100)

Not: Kitap iceriklerinin tamami (degerlendirme sorulari da dahil) incelenmistir.

Her ti¢ kitapta da “tiirevin degisim orani yorumu” ve “tlirev ve uygulamalar1” konulari
cebirsel (herhangi bir baglam icermeyen) agirlikli olarak ele alindig1 goriilmektedir.
Tirevin degisim orani anlami genellikle kinematik baglaminda hiz veya ivme kavramlari
ile agiklanmaktadir. Cebirsel ve grafik gosterimlerle destekli olarak teget dogrusunun
egimi de en sik vurgulanan yorumlardan bir digeridir. Tiirevin degisim orani
yorumlamasi icin kinematik dis1 gercek hayat baglamlarinin nadiren kullanildig:
gorilmektedir. Ekonomi ve uzunluk-alan-hacim baglamlarinin genellikle tiirevin
uygulamalart konusunda optimizasyon problemlerinde kullanildig1 gorilmektedir.
Optimizasyon problemlerinde tiirevin ne anlama geldiginin yorumlanmasindan ziyade
kritik, maksimum, minimum ve biukim noktalarinin ve artan-azalan araliklarin
belirlenmesi seklinde daha ¢ok prosediir agirlikli uygulamalar icermektedir.

3 R Degisim Oram
Bir futbolcu belli bir agiyla topa

dikey yonld hizi 20 m/sn. ola-
cak sekilde vurmustur. Topun t
saniye sonraki yerden yiiksekligi
h(t) =20t -5t fonksiyonu ile
modellenmigtir. Ornegin topun
birinci saniyedeki yerden yiksekligi
h(1)=20-1-5-1=15m ve
ikinci saniyedeki yerden yiiksekligi
h(2)=20-2-5-22=20 m olur. ¥ Vq. bu hareketiinin t,. ve t. saniyeler arasindaki ortalama hizi
Gérsel 5.5: Futbolcu

7
! Yanda dodrusal olarak hareket eden bir ha-
reketliye ait konum-zaman grafigi verilmisgtir.
Bu hareketlinin t,. ve t. saniyeler arasinda
ortalama hizi; bu hareketlinin konumundaki
degisiminin, zamandaki degisime orani ile
hesaplanir.

( x konum (metre)
x(t)

x(t)

x(tg)

tzaman (saniye)

v Ax , konumdaki degigimi
Ax : Toplam yol
At : Toplam zaman

olmak tzere Vou = _% = x—“%‘—ﬂ olur.
topun birinci ve ikinci saniye araligindaki ortalama dikey yonla hizit

v At , zamandaki degisimi olmak (izere ortalama hiz

Burada Ax, x bagimh (t ye bagh) degiskenin degigimidir.
V= %Xt_ ile bulunur. At, t bagimsiz degiskenin degisimidir.

= Ax x
Ax _ h( 2)—h(1)  20-15 Buna gore V,,, = At ifadesine degisim orani denir.
Buradan Vor = A 2=1 — 1 —5mhn olur. |

Sekil 3. Ders Kitabi-1'de tiirevin degisim Sekil 4. Ders Kitabi-2’'de tiirevin degisim
orani yorumuna giris (s. 266) orani yorumuna giris (s. 213)
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Sekil 3 ve Sekil 4’te goriildiigii iizere Ders Kitabi-1 ve Ders Kitabi-2'de tiirevin degisim
orani yorumuna kinematik baglami “ortalama hiz” kavrami ile yapilmistir. Ders Kitabi-
1’de yer alan ¢6ziimli oOrneklerde de yine kinematik baglaminin kullanildig:
goriulmektedir. Konu sonu degerlendirme sorulari incelendiginde ise dogrudan tiirevin
degisim orani yorumuna yonelik olarak ii¢ adet ekonomi baglamindan (marjinal gider,
marjinal gelir ve marjinal kar) soru kullanildig1 goriilmektedir. Fakat konu anlatimi
kisminda ekonomi baglamindan ¢6ziimli 6rnek veya etkinlik kullanilmadig1 ve ekonomi
baglaminda tiirevin anlami {izerine bir yorumlamanin yapilmadig1 goriilmektedir. Ders
Kitabi-2'de ise degisim oranina yonelik hareket baglami haricinde bir baglam
kullanilmadigi gézlemlenmistir.

5.2.1. Tiirev Kavrami ‘. Ornek
-G Bir hareketlinin 1 saatte aldigi yol (km), s(1) =40t +t* fonksiyonu ile veriliyor. Bu hareketlinin 5.

saatteki anlik hizini bulalim.

y = f(x) fonksiyonunun degisim miktarini Ay , x in degisim

miktanini Ax ile gosterelim. Sekilde @R Coziim
Ax=x;—x ve Ay=y;—y olmak iizere
! e Hareketlinin [11, tz] zaman araligindaki ortalama hizi,
A
m=tana = A—y oranina degigim orani denir. s(tz)—s(t1) o
= ot =1, formilaile Omegin t [3,5] ar ortalama hizi,
Diger taraftan Ay = f(x+ Ax)— f(x) oldugundan degigim X v s(5)-s(3) (40.5+5%)—(40.3+3%) 18 kven
ot = = = .
Ay _flerax)-f(x) -3 2
Ll Ly X L [5.7] araligindaki ortalama hiz1,

s(7)-s(5) (40.7+7°)-(40.5+57%)
A B H

= 52km/sa. olur.

Sekil 5. Ders Kitabi-3'te degisim orani ve tiirev konusuna giris (s. 179-180)

Ders Kitabi-3 incelendiginde ise degisim orami kavramina bir ger¢cek hayat baglami
kullanilmadan, grafik gosterim iizerinde egim ve farklarin oram vurgusu ile giris
yapilmis ve hemen ardindan yine kinematik baglamindan bir 6rnek kullanilmistir.
Sonraki ¢oziimlii 6rneklerde ise kinematik baglamlarinin haricinde sadece bir tane
ekonomi baglamindan (gidilen yola bagh yakit gideri) bir 6rnek kullanilmistir. Genel
olarak degerlendirildiginde ise her tg kitabin iceriginin tiirevin degisim orani yorumu
bakimindan gergek hayat baglam cesitliligi bakimindan yeterli oldugunu sdylemek
miimkiin gériinmemektedir.

Birimlerin vurgulanmasi ve yorumlanmasi

Birimlerin kullanimi ve yorumlanmasi ile ilgili analizler her ti¢ ders kitabinda da boliim
sonu degerlendirme sorulari harig¢ tutularak diger icerikler sayilarak hesaplanmistir.
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Tablo 2
Ders kitaplarinda Tiirev konu igeriginde birimlerin kullanimi ve yorumlanmasi

Ders Kitabi-1 Ders Kitabi-2 Ders Kitabi-3

(n=6) f (%) (n=14) f (%) (n=11) f (%)

Birimlerin eksiksiz ve 6 (%100) 12 (%86) 8 (%73)
dogru kullanimi
Birimler kullanilarak 1 (%17) 2 (%14) 2 (%18)
derinlemesine
yorumlama
Birim eksik kullanimi - 2 (%14) 3 (%27)
veya kullanilmamasi
Toplam 6 (%100) 14 (%100) 11 (%100)

Not: Bu kisimda sadece gercek hayat baglami kullanilan icerikler, degerlendirme sorulari
hari¢ tutularak sayimistir.

Her li¢ ders kitabinda yer alan baglamsal problemlerde birimlerin genellikle kullanildigi
fakat derinlemesine yorumlama kisminda eksiklik oldugu goriilmektedir. Her ili¢ ders
kitabinda da ¢ogunlukla kinematik baglamindan kullanilan érneklerde hiz ve ivme gibi
6zel kavramlarin birimlerinin dogru ve eksiksiz kullanildigi fakat optimizasyon
problemlerinde baz1 6rneklerde birimlere dikkat edilmedigi goériilmektedir. Birimler
kullanilarak degisim orani iizerine s6zel yorumlamalar ise her ii¢ kitapta da nadiren
yapildigl, bu yorumlamalarin ise sadece kinematik baglamiyla kisith oldugu ve degisim
oraninin ilk defa agiklandigi kisimlarda yer verildigi goriilmektedir. Ornegin, her iig
kitapta da bir aracin anlik hizin 40 km/saat olarak bulundugu bir érnekte, tiirev olarak
bulunan bu sonucun ne anlama geldiginin birimlerle birlikte sézel veya niimerik olarak
yorumunun yeterince vurgulanmadigi gorilmektedir. Hareket halindeki bu arag icin 40
km/saat hizin tam olarak ne anlama geldigi; verilen andaki hizla devam ederse 1
saniyede ya da 5 saniyede yaklasik ne kadar yol alacagi gibi érneklerle desteklenerek
derinlemesine incelenmemektedir.
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‘. Ornek

Bir hareketlinin x km yol gidebilmek igin toplam yakit gideri P(x)= 5+ 2x+0,1x* (TL) ifadesi ile

veriliyor.
a) Gidilen yol 100 km den 200 km ye yikseldiginde giderdeki degdisimi,
b) Gidilen yolun bu degisimi igin giderdeki ortalama degisim oranmini,

c) 200 km yol alindid1 anda giderdeki anhk degisim oranini bulalim.

2 Cozim

a) P(200)-P(100)=5+2-200+ 0,1-:200° —(5 + 2-100 + 0,1-100°) = 4405 — 1205 = 3200 TL
P(200)—-P(100) 3200
T 200-100 100
L P(200+ h)=P(200)

c) Anlik degisim orani = !‘I[I';f

~ 542(200+h)+0,1-(200 + h = {5 + 2-200 + 0, 1- 200%)
= lim
h

b) Ortalama degisim orani = 32

h=0
42h +0,1-h?
- Iimf = lim({42 + 0,1h) = 42 olur.
h=0 h=l

Sekil 6. Ders Kitabi-3’te kullanilan ¢6ziimlii bir 6rnek

Sekil 6’da goriilen ¢oziimlii 6rnekte, bir hareketlinin gittigi yola bagh olarak yakit
giderini veren bir fonksiyon baglaminda ortalama ve anlik degisim oranlari sorulmustur.
Sorunun b ve c siklarinda ortalama degisim orani ve anlik degisim orani niimerik deger
olarak bulunmus fakat birimleri belirtilmemistir. Yukaridaki o6rnek, degisim orani
kavrami icin kinematik disindan farkh bir baglam teskil etmekle beraber, elde edilen
niimerik sonucun birimiyle (TL/km) birlikte verilmemesi ve bunun verilen baglamda ne
anlama geldiginin yeterince yorumlanmamasi ciddi bir sorundur. Ornegin, ¢ sikkinda
verilen sonug¢ 200. km’de degisim oraninin 42 TL/km olarak bulunmasini, 1 km daha yol
alirsa yaklasik 42 TL kadar daha yakit giderinin olusacagl gibi yorumlamalar
bulunmamaktadir. Nispi biiytikliik olarak ise bu durum 200. km’den itibaren gidilecek
her x km yolun 42 kat1 kadar yani, 42x TL kadar daha yakit gideri olusturacagi seklinde
yorumlanabilir. Bir kilometre yol gidildiginde 42 TL ek maliyetin ortaya c¢ikmasi
gercekte olabilecek bir durum degildir. Aslinda, tiirevin degisim orani olarak anlaminin
verilen baglamdaki degiskenlerle derinlemesine yorumlanmasi, yukaridaki ornekte
goriildiigl tizere (bkz. Sekil 6), verilen kurgu baglamin gercek hayattan ne kadar uzak
oldugunu anlamamiza da yardimci olacaktir.
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[ ornex [} G i )
Tuvalin alani 5000 cm” olacagindan
Resim dgretmeni Asli Hanim, galistidi ilcedeki resim dgret- tuvalin boyu x cm ise eni 2200 cm
X
menleri ile birlikte 3 Aralik Diinya Engelliler Giind igin bir pro- Engel vél K, 5000 _, 5000  olur. Budurumda resim alani Aise
je hazirlamiglardir. Geliri ile ilgedeki intiyag sahibi 6grencilere * * A=(x=8)(5%90 _4) cm?
tekerlekli sandalye alinmasi amaglanan bu proje “Engel Yok, e I r var! Ho0is.
: A % v =5032—4x— em? olur.
Renkler Var!" adli bir resim sergisi olarak planlanmigtir. 3 ARALIK DINYA ENGELLILER GIN) *
Sergilenecek resimler, alani yarim metrekare olan dik- o7y
dortgen bigimindeki tuvallere sekildeki gibi yanlanndan Buna gore resim alan f(x) = 5032 - 4x~ 4209 fonksiyony ile ifade edilirse resim alaninin en
dorder cm, alt ve Gst kisimlarindan ikiser cm bosluk bira- byt olmasi igin f(x) = 5032 — 4x — 40000 degeri
kilarak yapilacaktir.
10 = 5032 4x — 40000 , ') 4 + 40000
A§Il Hanim, r.esm yapa_cagl yuze_yl.n en bilylk a'lana sa- o0 dR -
hip olmasini istemektedir. Bunun igin Asli Hanim'in sege- x2
cegi tuvalin eninin ve boyunun kag cm olmasi gerektigini x |-~ 100 0 100 =
e f(x)=0=40000-4x"=0 ve X #0 | — =
> x%=10000 ve x # 0 (Paydada cift kat kok) 10| ~ ||~
=(x=—100 veya x = 100) ve x # 0 olur. i s
f(x) fonksiyonunun tarevinin isaret tablosu 1(x) i i degerini
x =100 igin aldigi gorolar.
x=100 5900 _ 5000 _ 55 olyr.
Bu durumda Asli Hanim'in segecedi tuvalin alaninin en blytk olmasi igin tuvalin eni ve boyu
sirastyla 50 cm ve 100 cm olmalidir.

Sekil 7. Ders Kitabi-2'de kullanilan ¢6ziimlii bir 6rnek (s. 280).

Ozellikle tiirevin uygulamalar kisminda kullanilan optimizasyon problemlerinde tiirev
fonksiyonlarinin birimleri hemen hemen hicbir o6rnekte vurgulanmamis ve
kullanilmamistir. Sekil 7’de en biiyiik alana sahip bir tuvalin boyutlarini belirlemeye
yonelik bir optimizasyon problemi goriilmektedir. Tuvalin icerisinde resim yapilacak
bolgenin alan fonksiyonu, tuvalin distaki kenarinin uzunluguna bagli olarak elde
edilmesine karsin, bunun tiirevinin biriminin ne oldugu yazilma ihtiyaci hissedilmemis
ve ne anlama gelecegi yorumlanmamistir. Bu durum her ii¢ kitapta da optimizasyon
problemlerinde karsimiza ¢ikmaktadir. Optimizasyon problemlerinde tiirevin ne anlama
geldiginin yorumlanmasi bir gereksinim olmamakla birlikte farkli baglamlarda tiirevin
anlamini vurgulamak igin bir firsat olarak kullanilabilir. Burada sadece kritik noktalari
belirlemek i¢in birinci tiirev sifira esitlenerek islem yapildig1 goriilmektedir. Tiirevin ve
tiirev degerinin sifir olmasinin ne anlama geldigi baglamsal olarak yorumlanmadigi
gorilmektedir.

Kovaryasyon ve Nispi Biiyiikliik Fikri

Her bir ders kitabi igeriginde kullanilan ¢6ziimlii 6rnekler, etkinlikler ve degerlendirme
sorularinda kovaryasyon ve nispi blyiiklik fikirlerinin vurgulanip vurgulanmadigi
yonelik analizin betimsel sonucu asagida tabloda sunulmaktadir.
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Tablo 3

Ders kitaplarinda tiirev konu iceriginde kovaryasyon ve nispi biiytkliik fikri

Ders Kitabi-1 Ders Kitabi-2 Ders Kitabi-3

(n=26) (n=32) (n=27)
Potansiyeli 9 (%35) 12 (%38) 13 (%48)
Kovaryasyon fikri olan igerik
Vurgulama- 0 0 1 (%4)
yorumlama
Nispi biliytikliik fikri 0 0 0
Toplam 26 (%100) 32 (%100) 27 (%100)

Not: Gergek hayat baglami kullanilan igerikler degerlendirme sorulart da dahil edilerek
hesaplanmigtir.

Tablo 3’te goriildiigli lizere, her ii¢c kitapta da c¢oéziimlii 6rnekler, etkinlikler ve
degerlendirme sorularinda kovaryasyon ve nispi biiytkliik fikrini iceren yorumlama ve
vurgulamalar bakimindan yeterli olmadig1 goriilmektedir. Ders Kitabi-3’te kinematik
baglamindan kullanilan bir 6rnekte hiz ve zaman degerleri tablo verisi olarak radar
fikriyle verilerek kovaryasyon (es zamanly, birlikte degisim) fikriyle bir noktadaki tiirev
degeri yorumlanmistir. Fakat yine Ders Kitabi-3’te yer alan, Sekil 6’da sunulan drnekte
gorildiigl tizere zaman disinda bir bagimsiz degisken kullanildig1 ve kovaryasyon ve
nispi biiyiikliik fikirlerinin daha kolay islenebilecegi bir baglamda (gidilen yola bagh
yakit gideri) bu vurgu yapilmamistir.

Her ¢ kitapta da kovaryasyon fikrini destekleme potansiyeline sahip icerikler
bulunmaktadir. Fakat, bu igeriklerin ¢ogunlukla tiirevin uygulamalar1 (optimizasyon,
maks-min problemleri) kisminda kullanildig1 gértiilmektedir. Daha dnce de ifade edildigi
lizere, optimizasyon problemleri baglaminda tiirevin daha ¢ok islemsel olarak (kritik
noktalar1 belirlemek icin birinci tiirevi sifira esitleme, ikinci tiirevin isaretini inceleme
vb.) kullanildigi, verilen baglamda tiirevin ne anlama geldiginin hicbir sekilde
vurgulanmadig1 goriilmektedir. Bu nedenle de optimizasyon kisminda kullanilan kenar
uzunluguna bagl alan, yiikseklige bagl hacim, satilan bilet sayisina bagh elde edilen kar
gibi, bagimsiz degisken olarak zaman icermeyen, gercek hayat durumlarinda
kovaryasyon ve nispi buyiikliik fikirlerini vurgulama firsati heba edilmektedir. Nitekim
kenar uzunluguna bagh alan veya hacim degisimi gibi durumlarin dinamik animasyonu
GeoGebra, Geometrry Sketchped, Cabri ve Desmos gibi bircok dinamik geometri
programlariyla kolaylikla yapilabilmektedir. Bu animasyonlar 6grencilerin degiskenlerin
dinamik ve es zamanli degisimini veren kovaryasyon fikrini gelistirecegi gibi, dinamik
degisim olarak fonksiyon ve nispi biiylkliik olarak degisim oram fikirlerine katki
sunmaktadir. Teknoloji kullanimini potansiyel olarak tasiyan 6rneklerden biri Sekil 8'de
sunulmustur.
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|AB|=y metre ve |AD|=|BC|=x metre olsun.
Budurumda 2x +y = 16 m olur.

Bir kisi evinin bahesi icin aldigi 16 metre tel ile sekil-

deki gibi bir tarafi duvar olan dikddrigen bigimde bir A(ABCD) =%  — g
N R =x-(16-2x (y=16-2x)
kiimes yapacaktir. Bu kiimesin alaninin en fazla kag B2t ML ok,
metrekare olacagini bulunuz. 5 8
A‘{xn*v\’wo\*xxvg»:\;-c*ﬁ B
y
Bu durumda ABCD dikdortgeninin alam f(x) = 16x ~ x? fonksiyonu ile ifade edilirse ABCD dik-
dortgeninin alaninin en gok olmasi igin f(x)= 16x—2x" fonksiyonunun maksimum degeri bu-
lunmalidr.
()= 16x=2x" = ' (x)= 16 - 4x olur. X
f(x)=0=16—4x=0 r(x) +
sx=4 olur 1 | TN

f(x) fonksiyonunun tarevinin isaret tablosu incelenirse fonksiyonun maksimum degerini x = 4
igin aldigi gorolor. Bu durumda fonksiyonun maksimum degeri f(4) olup bu deger

f(4)=16-4-2.4°
=32 olur.

O halde kiimesin alani en fazla 32 metrekare bulunur.

Sekil 8. Ders Kitabi-2'de kullanilan kenar uzunluguna bagl alan baglami (s. 276)

Sekil 8’de verilen ornek lizerinden ifade etmek gerekirse, x ile gosterilen kenar
uzunluguna bagli A(x) fonksiyonun denkleminin yaninda, dinamik geometri yazilimlari
sayesinde bunun dinamik grafik cizimi ve tablo verileri ile birlikte kenar uzunlugunun
anlik degisimlerinde alanin nasil degistigi gozlemlenebilir. Bunun 6tesinde, burada alan
fonksiyonunun tiirevinin anlami yorumlandiginda, kenar uzunlugunun her bir birim
degisiminde alanin nasil degistigi (kesikli kovaryasyon) ya da kenar uzunlugundaki
kiiciik bir miktar degisiminde bu degisimin kac¢ kat1 kadar miktarda alanin degisecegi
(siirekli kovaryasyon, nispi biiyiikliik) gibi yorumlamalar 6grencilerin tiirevi farkl
baglamlarda anlamlandirmalarina buytik katk: saglayabilir.

6. SONUC, TARTISMA VE ONERILER

Literatiir bolimiinde ifade edildigi gibi, tiirev ve tiirevin degisim orani yorumu ileri
analiz konu ve kavramlarina temel teskil etmektedir. Kullanim alaninin genis olmasi
sebebiyle, tiirev kavraminin dogru anlasilmasi bireylerin matematik okuryazarligi ve
ileri matematik konularini anlamlandirmalar1 bakimindan da 6énemlidir. Fakat literatiir
incelendiginde tirev kavraminin anlamlandirilmasiyla ilgili 6gretmen ve &grenci
zorluklar1 ge¢misten glinlimiize bir¢ok iilkede ortak bir sorun olarak karsimiza
¢ikmaktadir (6rn. Berry ve Nyman, 2003; Bezuidenhout, 1998; Byerley ve Thompson,
2017; Gokeek ve Agikyildiz, 2016; Herbert ve Pierce, 2011; Mkhatshwa ve Doerr, 2018).
Nicel muhakeme bakis agisiyla tiirev kavrami, “iki nicelikteki degisimlerin ¢arpimsal
kiyaslamasi sonucunda elde edilen yeni bir nicelik” olarak tanmimlanmakta ve bu
kavramin dogru anlasilmasi icin farkli gercek hayat baglamlarinda tiirev olarak tarif
edilen niceligin anlamlandirilmasinin énemine isaret edilmektedir (Thompson, 1994;
2011). Bu c¢alisma kapsaminda ilk olarak nicel muhakeme perspektifinden tiirev
kavraminin ne anlama geldigi teorik olarak incelenmistir. Sonrasinda, nicel muhakeme
perspektifinden (i) baglam cesitliligi, (ii) birimlerin kullanimi ve yorumlanmasi, (iii)
kovaryasyon fikri ve (iv) nispi biiytikliik fikri olmak lizere dort temel prensip belirlenmis
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ve bu prensipler dogrultusunda Tiirkiye’de halihazirda okutulan ders kitaplar1 analiz
edilmistir.

Incelenen tii¢ kitapta, tiirev konusunda ¢éziimlii érnek, etkinlik ve degerlendirme
sorular gibi icerikler icin kullanilan gercek hayat baglamlar: incelediginde kinematik
(vol-zaman, hiz-zaman) baglamlarinin daha sik kullanildigi, ekonomi ve bagimsiz
degiskenin zaman olmadigi dinamik baglamlarin daha nadiren kullanildigi
goriilmektedir (bkz. Tablo 1). Hatta herhangi bir baglamin kullanilmadig: cebirsel islem
gerektiren icerigin daha yogun oldugu da géze carpmaktadir. Uzunluk-alan-hacim gibi
baglamlarin ise daha ¢ok optimizasyon (tiirevin uygulamalari) kisminda kullanildig1 ve
bu baglamlarda tiirevin anlami iizerine yorumlama yapilmadig1 goriilmektedir. Dolayisi
ile tiirev kavrami ve degisim orani yorumu genellikle kinematik baglamiyla kisith olarak
verildigi sdylenebilir. Bu durum sadece Tiirkiye’ye mahsus olmayip, tiirev kavraminin
kinematik baglamiyla kisitl 6gretildigi, ders kitaplarinin sadece kinematik baglamina
yer verdigi bulgulari uluslararasi bircok calisma da ortaya konulmustur (6rn. Byerley ve
Thompson, 2017; Jones, 2017; Mkhatshwa ve Doerr, 2018; Weber ve Dorko, 2014). Bu
calisma, Tiirkiye'de ortadgretim diizeyi TTKB ders kitaplarinda da benzer durumun
oldugunu ortaya koymaktadir.

Birimlerin kullanim1 bakimindan incelendiginde, her ii¢ kitapta da birimler ¢cogunlukla
yerinde kullanilmis olmakla birlikte derinlemesine yorumlama yapilmadigl
gorilmektedir. Yine literatiir incelendiginde, tiirev kavramu ile ilgili 6gretmen ve 6grenci
zorluklarinin temeli olarak 6gretim stirecinde ve ders kitaplarinda kovaryasyon fikrinin
yeterince vurgulanmadigl raporlanmaktadir (6rn. Carlson vd. 2002; Thompson ve
Carlson, 2017; Cooney vd., 2010; Castillo-Garsow, 2012; Byerley ve Thompson, 2017;
Thompson, 1994). Bu ¢alisma kapsaminda incelenen ders kitaplarinda da kovaryasyon
ve nispi biiytiklik fikirlerinin hemen hemen hi¢ vurgulanmadigi gorilmustiir.
Kovaryasyon fikrini destekleyebilecek potansiyele sahip, bagimsiz degiskenin zaman
olmadigi, dinamik degisimlerin dogrudan gdzlemlenebilecegi baglamalar goériilmekte,
fakat bu baglamlar genellikle optimizasyon problemlerinde karsimiza c¢ikmaktadir.
Optimizasyon problemlerinde ise tiirev kavraminin anlami iizerine bir yorumlama
yapilmamakta, sadece islemsel (prosediirel) olarak birinci tiirevi sifira esitleyerek
maksimum ve minimum nokta adaylarim1 belirlemeye yonelik uygulamalara yer
verilmektedir. Daha dnce de ifade edildigi gibi optimizasyon problemlerinde kullanilan
baglamlarda tiirevin anlaminin yorumlanmamasi biiyiik bir firsatin heba edilmesi olarak
gorilebilir. Zira tirev kavrammnin farkli baglamlarda ne anlama geldiginin
yorumlanmasi her defasinda degisim oranmi yorumuna farkli bir kimlik ve anlam
kazandirmaktadir. Ornegin, bosalan bir barajda zamana bagh su miktar1 fonksiyonunun
tiirevi debi anlamina gelirken, zamana bagh hiz fonksiyonunda tiirev ivme anlamina,
iriin miktarina bagh maliyet fonksiyonunun tiirevi marjinal maliyet anlamina, suyla
dolan bir depoda yiikseklige bagli hacim fonksiyonunun tiirevi ise arakesit alani
anlamina gelmektedir. Aslinda bunlarin hepsi tiirevin degisim orani yorumundan ibaret
olsa da baglama gore 6zel anlamlarinin da oldugu bir gercektir. Iste bu nedenle,
ogrencilerin tlrevin farkli baglamlarda degisim orani yorumunu yaparak bu o6zel

Cilt: 11 e Say1: 3 » Aralik 2021 562



Tiirevin Degisim Oram (Hiz1) Yorumunun Kavramsal Analizi ve Matematik Ders Kitaplarinin incelenmesi

anlamlarin da farkinda olmalarini saglamak nicel muhakeme bakis agisiyla 6grencilere
kazandirilmasi hedeflenen temel bilgi ve becerilerdir.

Incelenen kitaplarin her iiciinde de tiirev kavraminin nispi biiyiikliik fikrini iceren
vurgulamalarin yapilmamasi énemli eksiklerden bir digeridir. Tiirev kavraminin nispi
biiyiikliik olarak (bagimli degiskendeki degisimin, bagimsiz degiskende meydana gelen
bir miktar degisimin kac¢ kat1 kadar oldugu) yorumlanmasi, tiirevin farkli gercek hayat
baglamlarinda bir oran olarak anlamlandirmak a¢gisindan 6nem tasimaktadir (Byerley ve
Thompson, 2017). Ciinkii literatiir incelendiginde tiirevin bir degiskende meydana gelen
degisim miktar1 olarak goriilmesi 6grenciler de en yaygin ortaya c¢ikan kavram
yanilgilarindan birisidir (6rn. Byerley ve Thompson, 2017; Mkhatshwa ve Doerr, 2018;
Rowland ve Javanoski, 2004; Thompson, 1994). Tiirev kavraminin nispi biiytikliik olarak
anlamlandirilmasini desteklemek icin dogrusal yaklasim uygulamalarina daha sik yer
verilmelidir. Yine, birim zamanda alinan yol, bir birim daha irtn iretildiginde ortaya
cikan maliyet gibi yorumlamalar dogrusal yaklasim ile iliskilendirilerek uygulanabilir.
Tabi burada bagimsiz degiskendeki degisimi bir birime sabitleyerek diistinmenin,
Ogrencilerde tiirevin bagimh degiskende meydana gelen degisim miktar1 olarak
Ay Ay
algilamasina sebep olabilecegi ( AX oraninda payda, yani Ax=1 oldugunda AX ile Ay
ayni niimerik degeri aldigindan) unutulmamalidir (Cooney vd., 2010; Mkhatshwa, 2018).
Dolayisiyla, bir noktada tiirev degeri verilerek bunun kullanilan degiskenler acisindan
ne anlama geldigi, 6rnegin bagimsiz degisken 0,0002 birim degistiginde bagimh
degiskenin ne kadar degisecegi veya fonksiyonun yeni degerinin ne olacag gibi
yorumlamalar tirevin nispi bliyiikliik olarak anlamlandirilmasina katki saglayacaktir.
Hatta, ekonomide kullanilan marjinal maliyet ve marjinal kar gibi yorumlamalarin tiirev
kavraminda bagimsiz degiskendeki sonsuz kiiglikliikteki degisim bakimindan
tartisilmasi 6grencilerin farkli baglamlarda tiirev uygulamalarinin matematiksel olarak
sorunlu yonlerinin de farkina varmalarini saglayacaktir (Mkhatshwa, 2018; Mkhatshwa
ve Doerr, 2018).

Sonug olarak, ders kitaplarinda tiirev kavraminin degisim orani yorumu ele alinsa da
bunun sadece kinematik baglamiyla sinirli kaldig1 ve derinlemesine yorumlamalarin
yapilmadig1 goriilmektedir. Bagimsiz degiskenin zaman olmadig, dinamik ve es zamanli
degisimi daha net ortaya koyabilecek ve dolayisiyla kovaryasyon fikrini desteklemeye
yonelik uygulamalara daha fazla yer verilmelidir. iki degiskenin birlikte degisimini
dinamik animasyon olarak gdstermek 6grencilerin kovaryasyonel diisiinme becelerine
katki saglama potansiyeline sahiptir (Kertil, 2020). Dinamik geometri yazilimlan ile
hazirlanan teknoloji etkinlikleri de bunun i¢in bir firsat olarak goriilmelidir. Ayrica, nispi
biiyiiklik fikri de yine farkli baglamalarda kovaryasyon ve dogrusal yaklasim
uygulamalariyla desteklenmelidir.
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